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Abstract 

For a homological ring epimorphism from a ring R to another ring S, we prove that if the module 
rS has a finite-type resolution, then the algebraic /if-theory space of R decomposes as a product of the 
ones of S and a differential graded algebra. In addition, if the homological ring epimorphism induces a 
recollement of derived module categories of rings, then the differential graded algebra involved can be 
replaced by a usual ring. This result is then applied to noncommutative localizations and to homological 
exact pairs introduced in the first paper of this series. For example, we get a long Mayer- Vietoris sequence 
of higher algebraic ^-groups for homological Milnor squares, including a result of Karoubi. 
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1 Introduction 

Recall that a ring epimorphism R — > S between rings with identity is said to be homological if the derived 
module category of the ring S can be regarded as a full subcategory of the derived module category of the ring 
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R by restriction. For a homological noncommutative localization X :/?—>• S of rings, Neeman and Ranicki 
have discovered a remarkable long exact sequence of algebraic ^-groups in 11161 : 

>K n+l (S) — ► 

^o(t) -^K (R) — >Xb(5) 

for all n£N, where is an exact category determined by X. This result extends many results in the literature 
(see |[T51 ). On the one hand, this long sequence, in general, does not have to split into a series of short exact 
sequences of the corresponding algebraic ^-groups, and moreover, the A'-theory of the category ^ seems 
not to be easy to handle. On the other hand, there are many homological ring epimorphisms which do not 
arise from noncommutative localizations, but do give recollements of derived module categories (see the 
discussion in O). As is known, recollements are a generalization of derived equivalences, while derived 
equivalences preserve algebraic ^-theory of rings (see 0). So, an interesting question for calculation of 
algebraic ^-groups of rings is: When does such a long exact sequence of algebraic ^-groups split? Or more 
generally, can we read off information on algebraic i^-theory of rings from recollements of derived module 
categories? Precisely, we consider the following question: 

Question. Let R, S and T be rings with identity. Suppose that there is a recollement among the derived 
module categories @(T), &{R) and 3>{S) of the rings T, R and S: 

®{S) ^^ 9l{R) ' -» #(r) 

such that z* (S) is quasi-isomorphic to a bounded complex of finitely generated projective /^-modules. Is the 
K- theory space K(R) of R homotopy equivalent to the product of the /^-theory spaces of S and T7 That is, 
does the following isomorphism hold true: 

K n {R)~K n (S)®K n (T) for each »eN? 

Here, we denote by K{$) the ^-theory space of an exact category & in the sense of Quillen, by K{R) the K- 
theory space of the exact category of finitely generated projective /^-modules, and by K n (R) the 72-th algebraic 
i^-group of R for each n £ N. 

We remark that, without the assumption on /*(£), the isomorphism K„(R) ~ K„(S) ®K n (T) cannot hold. 
This was shown by an example in HI Section 8, Remark (2)] for n = 0. 

The main purpose of the present paper is to provide an affirmative answer to the above question for 
homological ring epimorphisms. To attack the question, we will employ ideas from the representation theory 
of algebras. As a consequence of our methods, we shall establish a long Mayer- Vietoris sequence of higher 
algebraic ^-groups for the so-called homological Milnor squares of rings studied in [3|. This strategy might 
lead to a bridge between the representation theory of algebras and algebraic K- theory of rings. 

Before stating our results precisely, we first recall some definitions. 

Let R be a ring with identity. An /^-module M has a finite-type resolution provided that there is a finite 
projective resolution by finitely generated projective /^-modules, that is, there is an exact sequence — > P n — > 
■ ■ ■ —> P 1 — > Pq — > M — > for some «6N such that all 7?-modules Pj are projective and finitely generated. 

Let X and Y be pointed topological spaces. A map / : X — > Y is called a homotopy equivalence if there 
is a map g : Y — > X such that fg:X^X and gf : Y — > Y are pointed-homotopic to the identities of X and Y, 
respectively. Here, by a map between pointed topological spaces we always mean a pointed continuous map. 
If there is a homotopy equivalence between X and Y, then we say that X and Y are homotopy equivalent, and 
simply write X ^> Y. 

For a differential graded algebra A, we denote by K(A) the algebraic ^-theory space defined in Subsec- 
tion [331 and by K„(A) the n-th homotopy group of K(A) for n € N. 

Our general result on homological ring epimorphisms reads as follows. 
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Theorem 1.1. Let X'.R^Sbea homological ring epimorphism. 

(1) If rS admits a finite-type resolution, then there is a differential graded ring T determined by X such 
that K(R) ^—^ K(S) x K(T) as K-theory spaces, and therefore 

K n (R) ~ K n (S)@K n (T) for all n e N. 

(2) Suppose that there exists a ring T and a recollement among the derived module categories &{T), 
®(R) and @{S) of the rings T, R and S: 

@(S) — i ^ 9{R) - -» ff(r) 

where i* is the restriction functor induced from X. If the module rS or Sr has a finite-type resolution, then 

K(R) K(S) x K(T) 

as K-theory spaces, and therefore 

K n (R) ~ K n {S)@K n (T) for all n G N. 

Theorem 11.11 provides a partial answer to the above question and extends both (5] Theorem 1.1 (2)] 
and some cases in (27]. As a consequence of the proof of Theorem 11.11 we have the following corollary 
on noncommutative localizations, which, under the finite-type condition, provides a strong result (compare 
with fl6l Theorem 0.5]). Note that the terminology "noncommutative localization" was originally called 
"universal localization" in the literature. 

Corollary 1.2. Let Rbe a ring and £ a set ofinjective homomorphisms between finitely generated projective 
R-modules. Suppose that the universal localization R — > R% of R at £ is homological and that the left R- 
module R% has a finite-type resolution. Then 

K(R) K(R Z ) x K{g) 

where $ is the small exact category of (RX) -torsion modules which are exactly those finitely presented 
R-modules M of projective dimension at most 1 such that R^ ®rM = = Torf (Rz,M). 

As an application of our methods developed in this paper, we consider exact pairs introduced in (see 
also Subsection |5.2| below). In this case, we get a long Mayer- Vietoris sequence of ZT-groups for homological 
Milnor squares of rings. 

Theorem 1.3. Let (X,fj) be an exact pair of ring homomorphisms X:R—> S and fj:R—^T, and let SUr T, 
together with the ring homomorphisms p : S —¥ SUr T and ()) :T — > SUrT, be the coproduct ofS and T over 
R. Suppose that X is a homological ring epimorphism and Torf (T, S) = Ofor all i > 0. Then the following 
statements hold true: 

(1) The sequence of K-theory spaces 

K{R) i- K(S) x K(T) v ; > K(S U R T) 

is a weak homotopy fibration, where —K{X) denotes the composite ofK{X) with K{[\\). In particular, there 
is a long exact sequence of K- groups: 

> K n+l (S U R T) — > K n (R) K - 1 K n {S) ®K n {T) — i K „ (SUr T) — ► K n _ x (R) 
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>K (R) -^K (S)®Ko(T)^K (SU R T) 

for all «£N. 

(2) If, in addition, the module rS or Tr has a finite-type resolution, then 

K(R)xK(SU R T) ^K(S)xK{T) 

as K-theory spaces, and therefore 

K n (R)®K n {SU R T)~K n (S)@K n (T) for all nGN. 

We remark that, by J3] Lemma 3.8 (2)], the coproduct SUr T in Theorem 1 1.3 1 is actually isomorphic to 
the endomorphism ring Endr(r ®rS). 

As an immediate consequence of Theorem 1 1.31 we get a result of Karoubi, namely Corollary 15.31 which 
provides a long exact sequence of algebraic ^-groups for localizations. As another consequence of Theorem 
11.31 we have the following result on a class of homological Milnor squares. 

Corollary 1.4. ( 1 ) Let R be a ring with two ideals I\ and 1% such that I\ Pi 1% = 0. Suppose that the canonical 
ring homomorphism R—tR/I[ is homological. If the left R-module 1\ or the right R-module I2 has a finite-type 
resolution, then 

K n {R)®K n {R/{h +h)) ^ K n {R/h)®K n {R/I 2 ) 

for all «eN. 

(2) Suppose that X: R —> S is a homomorphism of rings and M is an S-S-bimodule. If X is a homological 
ring epimorphism, then 

K n {R) ®K n {S «M)- K n (S) ®K n {R k M) 
for all where SkM stands for the trivial extension ofS by M. 

This paper is organized as follows: In Section |2l we briefly recall some definitions and basic facts on 
triangulated categories, homological ring epimorphisms and recollements. In Section [3l we first recall the 
algebraic i^-theories developed by Waldhausen for Waldhausen categories and Schlichting for Frobenius 
pairs, and then introduce our definition of algebraic ^-theory spaces for differential graded algebras, which 
is a modification of Schlichting's definition in |[20l . In Section [4] we prove the main result, Theorem ll.il 
But, before stalling with our proof, we first consider homotopy-split injections for A"-theory spaces as a 
preparation, and then prove the first part of Theorem 11.11 which shows that, in general, the algebraic K- 
theory of recollements induced from homological ring epimorphisms involves differential graded algebras. 
With the help of the first part of Theorem ll.il we then give proofs of the second part of Theorem [TTT] and its 
CoroHary ll.21 In Section|5l we apply our results in the previous sections to homological exact pairs defined in 
the first paper [3 ] of this series, and get a long Mayer- Vietoris sequence of i^-groups, which shows Theorem 
11.31 As an immediate consequence of Theorem 11.31 we reobtain a Mayer- Vietoris sequence in Corollary 
15.31 due originally to Karoubi, for positive ^-theory of localizations. At the end of this section, we deduce 
Corollary 11.41 from Theorem 1 1.31 In Section [6l we illustrate our results by an example which shows that the 
differential graded algebra in Theorem ll.ll (l) cannot be substituted by its underlying ring (just forgetting the 
differential). 

2 Preliminaries 

In this section, we shall fix notation which will be employed throughout the paper, and provide some basic 
facts which will be used in our later proofs. 
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2.1 General terminology and notation on categories 

Let C be an additive category. 

We always assume that a full subcategory H of C is closed under isomorphisms, that is, if X G 'B and 
Y G C with Y ~ X, then Y G (B. 

Given two morphisms f :X —>Y and g : 7 — > Z in C, we denote the composite of / and g by fg which is 
a morphism from X to Z, while given two functors F : C ^ D and G : © — > £ among three categories £7, © 
and £, we denote the composite of F and G by GF which is a functor from C to £. 

Let Ker(i 7 ) and \m(F) be the kernel and image of the functor F , respectively. That is, Ker(F) := {X G 
C | FX ~ 0} and Im(F) := {y G © | 3X G ~ F}. In particular, Ker(F) and Im(F) are closed under 

isomorphisms in C and T>, respectively. 

An additive functor F : A — > $ between two additive categories A and 2? is called an equivalence up to 
factors if F is fully faithful and each object of $ is isomorphic to a direct summand of the image of an object 
of A under F . 

Let J? be a triangulated category and X a full triangulated subcategory of A. Then, essentially due to 
Verdier, there exists a triangulated category A/X, and a triangle functor q : A — > A/X with X C Ker(g) such 
that <7 has the following universal property: If q' : J? — > "T is a triangle functor with X C Ker(g'), then 
factorizes uniquely through J? — ^ J^/Jf (see lTT4l Theorem 2.18]). The category A/X is called the Verdier 
quotient of ^ by X, and the functor q is called the Verdier localization functor. In this case, Ker(g) is the 
full subcategory of A consisting of direct summands of all objects in X. We remark that the objects of the 
category A/X are the same as the objects of A (see lfl4l Chapter 2] for details). 

F G 

A sequence A — > (B — > C of triangle functors F and G between triangulated categories is said to be 
exact if the following four conditions are satisfied: 
(f) The functor F is fully faithful. 
(ii) The composite GF : A — > C of F and G is zero. 
(Hi) The image Im(F) of F is equal to the kernel of G. 

(iv) The functor G induces an equivalence from the Verdier quotient of (B by Im(F) to C- 

Clearly, if X is closed under direct summands in A, then we have an exact sequence of triangulated 
categories: 

X<- ^ A — q -+ A/X . 

Let T be a triangulated category with small coproducts (that is, coproducts indexed over sets exist in T). 

An object U G T is said to be compact if Ylomq-iU, —) commutes with small coproducts in T. The full 
subcategory of T consisting of all compact objects is denoted by T c . 

For any non-empty class y of objects in ( T, we denote by Tria(o^) (respectively, thick(^)) the smallest 
full triangulated subcategory of T containing 5? and being closed under small coproducts (respectively, direct 
summands). If 5? consists of only one object U, then we simply write Tria(£/) and fhick([/) for Tria({£/}) 
and thick({£/}), respectively. The notation Tria(o5^) without referring to T will not cause any confusions 
because this notation can be clarified from the contexts of our considerations. 

The following facts are in the literature (see lfl4l Proposition 1.6.8] and [3, Section 2.1]). 

Lemma 2.1. (1) If% is a full triangulated subcategory oft such that % is closed under countable coprod- 
ucts, then % is closed under direct summands in T. 

(2) Let T 1 be a triangulated category with small coproducts, and let F : 1 ^ — s> T' be a triangle functor. If 
F preserves small coproducts, then F(Tria(t/)) C Tria(F(£/)) for any U ET. 

Finally, we mention a special case of the result lfl4l Theorem 4.4.9] for P = Kq- 
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Lemma 2.2. Let S be a triangulated category with small coproducts. Let ^ C S be a full triangulated 
subcategory, closed under the formation of the coproducts in S of any set of its objects. Let T := S/%.. 
Assume further that there exist: ( i) A set of objects S C S°, so that S = Tria(5'). ( ii) A set of objects R C ^nS c , 
so that %^ = Tria(/?). Then the following hold true: 

( 1 ) The inclusion ^ C S takes compact objects to compact objects, and so does the Verdier localization 
functor S — » T. In other words, we have a commutative diagram 

$c S c ? c 

p r r 

%, -5 -T. 

Moreover, we have Tria(X) c = Tria(^) PiS c = thick(^). 

(2) The composite 1{f — > 5 C — ^ 1" c in the above diagram must vanish, since it is just the restriction to 
of a vanishing functor on 1^. We therefore have a factorization of S c — > t T c as 

The functor i : S c j%f — > T c is an equivalence up to factors. 
2.2 Complexes over module categories 

Throughout the paper, by a ring we always mean an associative ring with identity. 

Let R be a ring. We denote by 7?-Mod, 7?-proj and £P <C °(R) the categories of left i?-modules, finitely gen- 
erated projective left /^-modules and left /^-modules having finite-type resolutions, respectively. As usual, the 
complex, homotopy and derived categories of 7?-Mod are denoted by (R) , (R) and 3>(R), respectively. 
Clearly, @(R) = Tna(R). By usual convention, we write & C (R) for @{R) C . 

For each n € Z, we denote the «-th cohomology functor by H"(—) : @(R) — > 7?-Mod. 

Now we briefly recall the definitions of Hom-complexes and tensor complexes. 

Let (X',dx') and (Y', dy) be complexes in ^(R). The Hom-complex of X* and Y* over 7? is a complex 
Uom' R (X-,Y') := (Hom^(X',F'),J|. y .) neZ where 

Rom R (X',Y') :=l\liom R (X p ,Y p+n ) 

pel, 

and the differential d%. Y - of degree n is given by 

for(/^ eZ eHom£(X',r). 

Let Z* be another object in ^(R). We define 

o : Hom^(X',y) x Rom^Y\Z') — > Uom R (X',Z'), (f,g) » (f p g p+m ) P eZ 

for / := (f p ) pe z G Uom%(X*,Y*) and g := (g p ) pe z G Hom£(y,Z*) with m,n € Z. Thus the operation o 
is associative and distributive, and therefore Hom^(X*,X*) is a Z-graded ring. For simplicity, the Hom- 
complex Hom^(X*,X*) is denoted by End R (X'). In fact, End R (X') is a differential graded ring (see Sec- 
tion [33] for definition) and will be called the dg endomorphism ring of X*. Note that H n (End R (X*)) ~ 
Hom.x( S )(X*,X*[«]) for any n € Z. 
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Moreover, the above-defined operation o satisfies the following identity: 

(fog)d^. =fo( g )d? rz . + (-iy(f)dz.j. o g . 

Let W be a chain complex over 7?° P -Mod. Then the tensor complex of W and X* over R is a complex 
W<8>' R X* := {W'® n R X',d n w . x .) neIj where 

W'® n R X m :=®W p ® R X n -P 

pel 

and the differential dwjc of degree n is given by 

w(&x^> {w)d§ / .®x+(-l) p w(&{x)d n x . p 

forwG W p mdxeX"-P. 

Let S be another ring and M' a complex of 7?-5-bimodules. The total left-derived functor of M* ®* — 
is denoted by M* (g>!y — : $>{S) — >• 3>{R), and the total right-derived functor of Hom R (M',—) is denoted by 
MHom R (M* , -):@(R)^r@{S). Clearly, [M* ®£ - ,]RHom R (M*, -)) is an adjoint pair of triangle functors. 

2.3 Recollements and homological ring epimorphisms 

In this subsection, we recall the notion of recollements which were introduced by Beilinson, Bernstein and 
Deligne (see ID), and are widely used in algebraic geometry and representation theory. Typical examples of 
recollements can be constructed from homological ring epimorphisms. 

Let D, D' and r D" be triangulated categories with shift functors denoted universally by [1]. 

We say that D is a recollement of £>' and D" if there are six triangle functors as in the following diagram 




./'» 



such that 

(1) the 4 pairs (i* f) and are adjoint pairs of functors; 

(2) the 3 functors and j\ are fully faithful; 

(3) the composite of two functors in each row is zero, that is, rj* = (and thus also f u = and = 0); 

and 

(4) there are 2 canonical triangles in "D for each object 

hj\X) — > X — > m*(X) — > hf{X)[\], 

i,i\X) ^X^ jJ*(X) — > /ir(X)[l], 

where j\f(X) — > X and i\i ] (X) — > Z are counit adjunction maps, and where X — > iJ*(X) and X — » j*j*(X) 
are unit adjunction maps. 

It is known that, up to equivalence of categories, recollements of triangulated categories are the same 
as torsion torsion-free triples (TTF-triples) of triangulated categories (see, for example, [4, Section 2.3] for 
details). In the following lemma we mention some facts about recollements for later proofs. 
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Lemma 2.3. Suppose that the above recollement is given. Then the following hold: 

(a) The images of the three fully faithful functors j\, i* and 7* are closed under direct summands in 'D. 

(b) The Verdier quotients of D by the images of the triangle functors j\ and i* are equivalent to D" and 
respectively. 

(c) Assume that (D, (D' and 'D" admit small coproducts. Then both j\ and i* preserve compact objects. 
Suppose further that £> is compactly generated, that is, there is a set S of compact objects in 2? such that 
Tria(S') = "D, then /* preserves compact objects if and only if so is j\ In this case, we can obtain a "half 
recollement" of subcategories of compact objects: 

f j\ 
(<D") C — d c — J —+ {fD') c 



Note that (a) and (b) follow from (2J Chapter I, Proposition 2.6], while (c) follows from (2l Chapter III, 
Lemma 1.2 (1) and Chapter IV, Proposition 1.11]. 

A typical example of recollements is provided by homological ring epimoiphisms. Recall that a ring 
epimorphism X : R —> S is said to be homological if Tor^ (S,S) = for all n > (see (8j [16]]). This is also 
equivalent to saying that the restriction functor D(X*) : 3>{S) — >• @{R) is fully faithful. 

The following result can be concluded from lfT7l Section 4]. 

Lemma 2.4. Let X: R—> S be a homological ring epimorphism. Then there is a recollement of triangulated 
categories: 



®(S) i_» &(r) —L^ Triage*) 

x 

where Q* is the two-term complex —t R — > S — > with R and S in degrees and 1, respectively, and where 
j\ is the canonical embedding and 

y = Q' ®\ - i* = S<gfc - i* = D(K). 

Thus, if we define f :={7£ 9{R) | Hom^ (s) (X, Y) = for any X G Tria( s £2*)}, then it follows from 
Lemma that 

f ={!'£ &{R) I Hom^ (fi) (Q* , Y [n] ) = for n G Z} = {Y G 9{R) \ Q' ®\ Y = 0} , 

and that i t induces an equivalence @(S) ^> W . 

In general, for a ring R, the categories S$(R) and 3l(R° v ) are not triangle equivalent. Nevertheless, with 
the help of Lemma [24] we can establish the following result which will be used in the proof of Theorem ll.il 

Lemma 2.5. Let X : R — » S be a homological ring epimorphism. Then the following are equivalent for a ring 
T: 

(1) There is a recollement of derived categories: 

^(S ^^ S){R) + @(T) 

(2) There is a recollement of derived categories: 
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Proof. Observe that if X :/?—>• S is a homological ring epimorphism, then so is the map X : R° p — > S op 
by O Theorem 4.4]. Moreover, it follows from flTI Corollary 3.4] that (1) holds if and only if there is a 
complex P* G ^(P-proj) such that Tria(P') = TriaQjg*), End^( R )(P') ~ T and Hom^ {R) (P* ,P*[n]) = for 
any «/0, where Q' is the complex — > R — > S — > 0. However, for such a complex P*, we always have 

Hon% (R o P) (P**,P*>]) ^Uom^ {R) (P',P'[n]) for all neZ, 

where P** := Hom#(P*,F) € ^(/? op -proj). So, to prove that (1) and (2) are equivalent, it is enough to prove 
the following statement: 

If P* G ^(P-proj) such that Tria(P') = Tria( R <2'), then Tria(P'*) = Tria(g'). 

In fact, let P' be such a complex and define 

&' := {Y G @{R° V ) | Hom^ (R o P) (X,F) = for X G Tria(P'*)}. 

Since P* G ^(P-proj), we have P'* G ^ fo (/? op -proj). It follows from gl Lemma 2.8] that there is a recolle- 

ment: ^ ^ ^ 

W — ®(R°v) ^ Tria(P'*) 

where /n is the inclusion. This implies that 

(a) Tria(P**) = {X G @{R° V ) | Hom f(s „ P) (X,y) = for F G 
Furthermore, we remark that 

= {Y G ^(P op ) | Hom^ (R o P )(P , *,y[fl]) = for n G Z} = {Y G ^(P op ) | MHom R o P (P , *,y) = 0}, 
and that 

RHom S o P (P'*,-) ~ -®\P' : ^(P op ) — > #(Z) 

by E Section 2.1]. Thus f = {7G ^(P op ) | F ®^ P* = 0}. However, by Lemma O (2), for a given 
F G ^(P op ), the left-derived tensor functor F ®\- : ^(P) -> 0(Z) sends Tria(g') (respectively, Tria( ff P')) 
to zero if and only if F ®£ Q* = (respectively, F <g)Jj P* = 0). Since Tria(P") = Tria(#<2*) by assumption, 
we certainly obtain f = {f£ 5>(P op ) \ Y®\Q* = 0). 

Since X : P op — > S op is also a homological ring epimorphism, we obtain another recollement by Lemma 



^(S op ) D{K K £>{R°P) — ^ Tria(<2^) 

where F is the inclusion and G is the tensor functor — cg)^ 2*. This implies that Im(D(A,*)) = Ker(G) and 

(b) Tria(gJ) = {X G ^(P op ) | Hom^o P) (X,F) = for F G Ker(G)}. 

Since = Ker(G), we conclude from (a) and (b) that Tria(P**) = Tria(<2#). This finishes the proof of 
Lemma [231 □ 

3 Algebraic ^-theory 

In this section, we briefly recall some basics on algebraic ^-theory of Waldhausen categories and Frobenius 
pairs developed in (241 and l20l . respectively. And we then discuss algebraic /^-theory of differential graded 
algebras and prove a few lemmas as preparations for proofs of the main results. 
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3.1 ^-theory spaces of small Waldhausen categories 

Let us first recall some elementary notion and facts about the ^-theory of small Waldhausen categories (see 

EHHUEDD). 

Let C be a small Waldhausen category, that is, a pointed category (equipped with a zero object) with 
cofibrations and weak equivalences. In [24, Section 1.3], Waldhausen has defined a ^-theory space K(C) 
for C, which is a pointed topological space, and an «-th homotopy group K n (C) of K{C) for each n G N, 
which is called the n-th /T-group of C- Clearly, if a Waldhausen category C is essentially small, that is, the 
isomorphism classes of objects of C' form a set, then the definition of Waldhausen /T-theory still makes sense 
for C' because, in this case, one can choose a small Waldhausen subcategory C of C such that C is equivalent 
to C ', and define the ^-theory of C' through that of C- 

Note that K{C) is always homotopy equivalent to a CW-complex. In fact, this follows from the following 
observation: The classifying space of a small category has the structure of a CW-complex and the loop space 
of a CW-complex is homotopy equivalent to a CW-complex (see lfT3l ). while K(C) is the loop space of a 
classifying space constructed from C- 

The /^-theory space defined by Waldhausen is natural in the following sense: Each exact functor F : C ^ 
£> between Waldhausen categories C and £> induces a continuous map K{F) : K(C) — > K{(D) of (pointed) 
topological spaces, and a homomorphism K n {F) : K n {C) — > K n (T>) of abelian groups for each n G N. If G : 
2) — > £ is another exact functor between Waldhausen categories, then K(GF) = K(F)K(G) in our notation. 

The cartesian product C x C of a Waldhausen category C is again a Waldhausen category with cofibrations 
and weak equivalences defined in an obvious way. 

Note that finite coproducts always exist in C, and that the coproduct functor 

U:CxC — >C, (M,N) h>MUJV for all M,N E C, 

is an exact functor between Waldhausen categories. More important, with the induced map A'(LJ) : K(C) x 
K(C) — > K(C), the space K(C) becomes a homotopy-associative pointed //-space, and the homomorphism 
K n (U) : K n (C) x K n (C) -> K n (C) is actually given by (y,z) i-> y + z for y,z G K n (C). 

Recall that a pointed space (X,e) with X a topological space and e G X is called a homotopy-associative 
pointed H-space (see ll22l Chapter 7]) if there is a pointed map (—,—): X x X — > X satisfying the following 
two conditions: 

(1) The maps (e, — ) and (— ,e) are pointed-homotopic to the identity Idx of X. 

(2) The respective composites of the following maps: 

, Id* ><(-,-) (-,-) , , f-,-)x/4 (-.-) 
Xx(XxX) -^XxX- — IX and (XxX)xX— — ^XxX—^X 

are pointed-homotopic. 

Clearly, the associated point e^ of K{C) coiTesponds to the image of the map K({0}) — > K(C) induced 
from the inclusion {0} C, where denotes the zero object of C. 

Next, we shall discuss some additivity of exact functors between Waldhausen categories. 

Let Q be a small Waldhausen category for i = 1,2. Denote by A,; : Q — > C\ X & and pi : C\ x C% — > Q the 
canonical injection and projection, respectively. Then K{C\ X Ci) = K(Ci) X K(Cz) and 

*T(X,i) : K(Ci) ->• x C 2 ), ci ^ (ci,e Q ), 

*T(X 2 ) : K{Ci)^K{a x C 2 ), c 2 ^ (e Q ,c 2 ), 
K(pi):K(& x C 2 )^K(Q), (c h c 2 ) ^ c t 

for c-G^G) with i= 1,2. 
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On the one hand, if G : C\ x & -> C is an exact functor, then K(G) : K(&) X K{&) -> *T(0 is given by 
the composite of the following two maps: 

tf(Gi) x K(G 2 ) : A-(Ci) x K(C 2 ) x and *T(U) : tf(C) x -> 

where G, : Q — > C is defined to be the composition of X,- with G. This is due to the following identities: 

G(d,C 2 ) = G((C b 0) U (0,C 2 )) = G(d,0) UG(0,C 2 ) = G X {C X ) U G 2 (C 2 ) 

for Q G C 

On the other hand, if // : C — > C\ x C 2 is an exact functor, then 

K{H) = (K(H,),K(H 2 )) : K{Q -> x £(C 2 ) 

where Hg: C—> Q is defined to be the composition of // with 

Finally, we recall some definitions and basic facts in homotopy theory for later proofs. For more details, 
we refer the reader to j26l Chapters III and IV] and [22 Chapter 7]. Those readers who are familiar with 
homotopy theory may skip the rest of this subsection. 

Let (Y,yo) — > (Z,zo) be a map of pointed topological spaces. The homotopy fibre F(g) of g is defined 
to be the following pointed topological space 

F(g) := {(CO,),) | CO : [0, 1] Z, y G Y, (0)co = zo, (1)00 = (y)*} 

with the base-point (cj ,yo) 5 where Cj is the constant path 1 1-4 zo for * G [0, 1]. If we define /i : — >■ Y by 
(co,y) !->■ y for any (co,y) £ F(g), then there is a long exact sequence of homotopy groups: 

>n n+1 (Z,zo) — >K n (F(g),(c Z0 ,y )) 7t„(y ',yo) x n (Z,zo) — >n n -i(F(g),(c zo ,y )) — >■ 

>no(F(g),(c zo ,yo)) — >n (Y,y ) — >n {Z,zo) 

where n n (Z,zo) denotes the n-th homotopy group of (Z,zo) for each n G N (see |[26l Corollary IV. 8.9]). 

A sequence (X,x ) — > (Y,y ) (Z,zo) of pointed topological spaces is called a homotopy fibration if 
the composite of / and g is equal to the constant map which sends every x in X to the base-point of Z, and if 
the natural map 

X — > Ffe), x ' y {c zo ,(x)f) for x G X 

is a homotopy equivalence. 

The sequence (X,xo) — > (Y,yo) — > {Z,zo) of pointed topological spaces is called a weak homotopy 
fibration if there is a pointed topological space (Z',Zq), and two pointed maps g\ :Y — > Z' and g 2 : Z' — ► Z 
with g = gig 2 such that 

(1) the sequence (X,x ) —A (Y,y Q ) (Z',Zg) is a homotopy fibration, and that 

(2) g 2 induces an injection 7Io(Z',Zq) — > %q{Z,zq) and a bijection n n (Z',z' ) — > n n (Z,zo) for > 0. 

Assume that (X,xo) — )• (i^yo) — > (Z,Zo) is a weak homotopy fibration. Then there is a long exact 
sequence of homotopy groups: 

► ji„ + i(Z,zo) — > n n (X,xo) ^4 7i„(F,y ) ^ Jt»(Z,zo) — ► n»-i(X,*o) — ► 

>■ k q (X,x ) — ► n (Y,y ) — > 7i (Z,z ) 

for all n G N, and g 2 induces a weak equivalence from the loop space Cl(Z',z' ) of (Z',z' ) to the one of (Z,zo)- 
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3.2 Frobenius pairs 

We recall some definitions given in EOl . 

By a Frobenius category we mean an exact category (see |[T8l[T0l ) with enough projective and injective 
objects such that projectives and injectives coincide. A map between two Frobenius categories is an exact 
functor which preserves projective objects. 

Let C be a Frobenius category. 

We denote by C-proj the full subcategory of C consisting of all projective objects. It is well known that the 
factor category C_ of C modulo (T-proj, called the stable category of C, is a triangulated category. Moreover, 
two objects X and Y of C are isomorphic in C_ if and only if X © P ~ Y Q in C for some P,Q G C-proj . In 
particular, X ~ in C_ if and only if X G C-proj . 

A subcategory of C is called a Frobenius subcategory of C if is a Frobenius category and the 
inclusion X C £ is a fully faithful map of Frobenius categories. In this case, X-proj C C-proj, and a morphism 
in X factorizes through X-proj if and only if it factorizes through C-proj. This implies that the inclusion 
X C C induces a fully faithful inclusion X C £_ of triangulated categories. In general, X does not have to be 
a triangulated subcategory of C_ since X is not necessarily closed under isomorphisms in C- However, by our 
convention, the image of the inclusion X C C is indeed a triangulated subcategory of C. 

A pair C := (C, Co) of Frobenius categories is called a Frobenius pair if C is a small category and Co is 
a Frobenius subcategory of C- A map from a Frobenius pair (C, Co) to another Frobenius pair (C 1 , C^) is a 
map of Frobenius categories C — > C such that it restricts to a map from Ch to CL (see GUI Section 4.3]). 

Let C := (C, Co) be a Frobenius pair. Then the image of the inclusion Co ^ C is a triangulated subcategory 
of C. So we can form the Verdier quotient of C_ by this image, denoted by 

@ F (C):=C/Q 

which is called the derived category of the Frobenius pair C. Here, we use the same notation C_/ Co as in |[20l 
to denote the derived category of C, but the meaning of C_/Q) in our paper is slightly different from the one in 
GUI because we require that the image of an inclusion functor is closed under isomorphisms. Nevertheless, 
all results in GUI work with this modified definition of derived categories. 

Clearly, if Co = C-proj, then £^f(C) = C_. In this case, we shall often write C for the Frobenius pair 
(C, C-proj). 

The category C of a Frobenius pair C := (C, Co) can be regarded as a small Waldhausen category (for 
definition, see |[24l or Q): The inflations in C form the cofibrations of C, and the morphisms in C which are 
isomorphisms in £Ff(C) form the weak equivalences of C- In this note, we shall write C for the Waldhausen 
category C to emphasize the role of Co- According to our foregoing notation, we denote by C the Waldhausen 
category defined by the Frobenius pair (C, C-proj). For the Waldhausen category C, we denote the ^-theory 
space of C in the sense of Waldhausen by ^(C) which is a pointed topological space, and the n-th A'-group 
ofK{C) by K n (C) for each n G N. 

It is known that i^o(C) is naturally isomorphic to the Grothendieck group Ko(@f(C)) of the small tri- 
angulated category £Ff(C) (see [23 , Section 1.5.6], ll25l Chapter IV, Proposition 8.4] and ET1 Proposition 
3.2.22]). 

Let G : C — > C ' be a map of Frobenius pairs. On the one hand, G automatically induces a triangle functor 
S> P {G) : 3>f(C) -)■ 9 F (C), which sends X G C to G(X) G C '. On the other hand, G : C -»• C is an exact 
functor of associated Waldhausen categories, which induces a continuous map K(G) : K(C) — > K(C'). 

In this paper, we assume that all Waldhausen categories considered arise from Frobenious pairs. 

3.3 Examples of Frobenius pairs and their derived categories 

Two typical examples of Frobenius pairs are of our interest. 
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(a) The first typical example of Frobenius pairs is provided by the categories of bounded complexes over 
exact categories. 

Let g be a small exact category (for definition, see iPTSl and iPTOl ). We denote by ^(g) the category of 
bounded chain complexes over g. Then ^{g ) is a small, exact category with degreewise split conflations, 
that is, a sequence X' —> Y* — > Z* is a conflation in ^ b (g) if X' — > Y' — > Z l is isomorphic to the split 
conflation X' -)■ X' ©Z*' Z' for each i € Z. Actually, <g b (g ) is even a Frobenius category in which projective 
objects are exactly bounded contractible chain complexes over g. Recall that a chain complex X' is called 
contractible when the identity on X* is null-homo topic. Moreover, the stable category of ^{g) is the usual 
bounded homotopy category Jff b {g), that is, 9 F {^ b {g)) = <X b {g). 

Recall that a complex X* = (X\d l )j e i over g is called acyclic if d l is a composite of a deflation n' 
with an inflation V such that ()J,TZ i+1 ) is a conflation for all i. Let ^{g) C be the full subcategory 

of objects which are homotopy equivalent to acyclic chain complexes over g. Then ^ b c (g) contains all 
projective objects of the Frobenius category ^(g), and is closed under extensions, kernels of deflations as 
well as cokernels of inflations in ^ b {g). Thus ^^(g) inherits a Frobenius structure from ^(g) and 



is a Frobenius pair. In particular, the pair C (or the associated category ^{g)) can be regarded as a Wald- 
hausen category: A chain map f* :X' — > Y* in ^(g) is called a cofibration if f : X 1 — > Y 1 is a split inflation 
in g for each i G Z; a weak equivalence if the mapping cone of /* belongs to ^^.(g). Moreover, f^f-(C) 
coincides with the bounded derived category £? b (g) of ^(g), which is defined as follows: 

Let g' be an arbitrary exact category. The objects of & b {g') are the objects of ^* (<?'). The morphisms 
of S) b {g') are obtained from the chain maps by formally inverting the maps whose mapping cones are acyclic 
(as complexes of objects in g 1 ). For example, if g' is the usual exact category /?-Mod with R a ring, then 
3) b {g') is the usual derived category 3$ b (R). Further, any exact functor F : g\ — > g<i between exact categories 
induces a triangle functor D(F) : 9 b (gi) -> 3> b (g 2 ). For more details, see |[T0l . 

Assume that the exact structure of g is induced from an abelian category srf . That is, g C si is a full 

subcategory such that it is closed under extensions, and that a sequence X — > Y — > Z with all terms in g is a 

conflation in g if and only if — > X — > Y — > Z — > is an exact sequence in £/. Furthermore, assume that g 
is closed under kernels of epimorphisms in the abelian category. In this case, the chain map f* : X' — > Y* is a 
weak equivalence in C if and only if /* is a quasi-isomorphism in that is, H'(f') : H'(X') — > H'iY') 

is an isomorphism in si for each / G Z. 

Note that an exact category g itself can also be understood as a Waldhausen category with cofibrations 
being inflations, and weak equivalences being isomorphisms. Up to now, there are at least three algebraic 
^-theory spaces associated with a small exact category g : The Quillen ^-theory space of the exact category 
g , the Waldhausen ^-theory space with respect to the Waldhausen category g, and the Waldhausen ^-theory 
space of the Waldhausen category defined by the Frobenius pair (^a b (g), c tf b c (g)y However, these spaces 
are the same up to homotopy equivalence (see ll24l Section 1.9]) and |[23l Theorem 1.11.7]). So, in this paper, 
we always identify these spaces. 

(b) The next example of Frobenius pairs is constructed from categories of finitely generated projective 
modules. 

Let R be a ring. Then the category /?-proj of finitely generated projective /^-modules is a small exact 
category with split, short exact sequences as its conflations. Clearly, this exact structure on /?-proj is induced 
from the usual exact structure of the abelian category /?-Mod. Following Quillen [18], the algebraic K-theory 
space K(R) of R is defined to be the space ^(7?-proj) of /?-proj, and the n-th algebraic K-group K n (R) of R 
to be the n-th homotopy group of K(R). 



According to (a), the pairs (^(/?-proj),^.(/?-proj)) and (^ b {R)) ,V b c {^ <oa (R))) are Frobenius 
pairs. In this way, both ^(/^-proj) and < ^ ,/, (^ ,< °°(/?)) can be regarded as small Waldhausen categories. Note 
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that ^ 2><00 (7?) is a small exact category. 

It is easy to see that ^f c (7?-proj) consists of all bounded contractible chain complexes over /?-proj, which 
are exactly projective objects in the Frobenius category ^ fo (/?-proj), that is, ^ fc (/?-proj)-proj = ^.(/?-proj). 
Thus ^p(^*(/?-proj)) is the bounded homotopy category Jf^(/?-proj). Since each compact object of &{R) 
is quasi-isomorphic to an object of ^(/?-proj), we know that Jff b {R -proj) is equivalent to &) C (R) via the 
Verdier localization functor J^{R) — > S>{R). 

Hence, we see that K(R), ^(^(tf-proj)) and K(C) with C := (^ fe (^proj),^ c (/?-proj)) are homotopy 
equivalent, and therefore their algebraic ^,,-groups are all isomorphic. 

Note that ^(^ <0 °(/?))-proj / ^.(^ <"(/?)) in general. 

Let S be another ring and M' a bounded complex of /?-5-bimodules. If rM' € ^(7?-proj), then the tensor 
functor M* ®* — : ^(S-proj) — > ^(/?-proj) is a well-defined map of Frobenius pairs. 

Finally, we establish a useful result about constructing maps between some special Frobenius pairs. 

Lemma 3.1. Let R and S be rings, and let Q* <E <g> z S° P ) such that R Q" € 3* <0 °(R) for all n 6 Z. 
Consider the following Frobenius pairs: 

A := (^(S-proj),^.(S-proj)) and B := {R)),<ifc{&<~(R))). 

Then the following statements hold: 

(1) The functor rQ* ®J — : A — > B is a well-defined map of Frobenius pairs. 

(2) The induced functor @ f (rQ° &>'~ ) • ^f{&) — > ^f(B) of derived categories is given by the compo- 
sition of the following functors: 

@ F (A) = @ F (tf b (S-pmj)) — ^ b (S-pw)) R ^^^ b (^ <c °(R)) & b {^ <co {R)) — ® P (B) 
where q is the Verdier localization functor. 

Proof. Recall that ^ (5-proj) and c € b \& <x '(/?)) are Frobenius categories in which the conflations are 
degreewise split exact sequences of chain complexes, and the projective objects are bounded contractible 
chain complexes over 5-proj and ^ <00 (/?), respectively. 

Since Q m £ ^ b (R(g, z S° P ) with R Q" € 0> <OO (R) for all n € Z, we have R Q' G ^ b (^> <00 (/?)), and therefore 
G := R Q* ®' s - : ^ fe (5-proj) ->■ ^(^ 2< °°( J R)) is an additive functor. Clearly, G preserves both degreewise 
split conflations and contractible chain complexes. Thus G is a map of Frobenius categories. In particular, G 
induces a triangle functor J(f b {S-pro]) — > J^ b (& >< °°(R)) of homotopy categories. To show (1), it remains to 
check that G can restrict to a functor ^f c (S-proj) — > < ^ 7 j , c (^ 2>< °° (R)). However, this follows from the following 
two observations: 

(I) ^.(S-proj) consists of all bounded contractible chain complexes over 5-proj, which are exactly pro- 
jective objects in the Frobenious category ^(S-proj). 

(II) All bounded contractible chain complexes over ^ <0 °(R) belong to c € b c {^ >< °° ( R ))- 
Thus G is a map of Frobenius pairs. This shows (1). 

Recall that 3 F {G) : S> F (A) $> F (B) is defined by X R. G(X) for X & ^(5-proj). Clearly, (2) holds. □ 

3.4 Fundamental theorems in algebraic i^-theory of Frobenius pairs 

Now, we recall some basic results on algebraic ^-theory of Frobenious pairs in terms of derived categories. 
Our main reference in this section is the paper ll20l by Schlichting. 

The following localization theorem may trace back to the localization theorem in [ 18 , Section 5, Theorem 
5] for exact categories, the fibration theorem in ll24l Theorem 1.6.4] for Waldhausen categories, and the 
localization theorem in |[23l Theorem 1.8.2] for complicial biWaldhausen categories. For a proof of the 
present form, we refer the reader to |[20l Propositions 3 and 5, p. 126 and p. 128]. Also, the approximation and 
cofinality theorems are taken from ll20l Propositions 3 and 4]. 
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Lemma 3.2. (1) Localization Theorem: 

Let A — > B — > C be a sequence of Frobenius pairs. If the sequence S^(A) — > ^f(B) — > 3)p{C) 

of derived categories is exact, then the induced sequence K(A) — > K(H) — > K(C) of K-theory spaces is a 
homotopy fibration, and therefore there is a long exact sequence of K-groups 

^„ +1 (C) ^^(A)^ ) ^ i (B)^ ) ^(C) — >tf n _i(A) — > 

> K Q (A) — > K {B) — > K Q (C) — ► 

for all «£N. 

(2) Approximation Theorem: 

Let G : B — > C Z?e a map of Frobenius pairs. If the associated functor (G) : @p (B) — ¥ Stp (C) of derived 
categories is an equivalence, then the induced map K(G) : K(B) — > K(C) of K-theory spaces is a homotopy 
equivalence. In particular, K n (G) : K n (B) — K n (C)for all n & N. 

(3) Cofinality Theorem: 

Let G : B — > C be a map of Frobenius pairs. If the associated functor Qip{G) : ^f(B) — > 3>p(C) of derived 
categories is an equivalence up to factors, then the induced map K{G) : K(B) — > K(C) of K-theory spaces 
gives rise to an injection Kq(G) : Kq(B) — > Kq(C) and an isomorphism: K n (G) : ^„(B) — ^ K n (C) for all 
n>0. 



Note that the surjectivity of the last map in the long exact sequence in Lemma [3721 (1) follows from the 
fact that Kq(C) is isomorphic to the Grothendieck group K [^ F (C)) of &f(C). 

The following result is a slight variation of |[20l Section 6.1] which has been mentioned there without 
proof. For the convenience of the reader, we include here a proof (see also lfl6l Lemma 2.5] for a special 
case). 

Lemma 3.3. Thickness Theorem: 

Let C := (C, Co) be a Frobenius pair. Suppose that there is a triangulated category together with a 
triangle equivalence G : &p(C) — > c €. Let 2£ be a full triangulated subcategory of ft . Define X to be the 
full subcategory of C consisting of objects X such that G(X) € 2£ . Then the following statements are true: 

( 1 ) The category X contains Co and is closed under extensions in C- Moreover, X naturally inherits a 
Frobenius structure from C, and becomes a Frobenius subcategory of C such that Jf-proj = £T-proj. 

(2) Both X := (X, Co) and Q.% := (C,X) are Frobenius pairs, and the inclusion functor X — > C and the 
identity functor C —> C induce the following commutative diagram of triangulated categories: 

@ F {X)t ^f(C) - ®f(Cx) 

G 

(3) If S£ is closed under direct summands in c €, then both rows in the diagram of (2) are exact sequences 
of triangulated categories. 

Proof. (1) By definition of £Ff (C) := C_/ Co, the objects of ^f(C) are the same as the objects of C- Thus, 
if M € Co or M € (T-proj, then M ~ in 3lp(C). This implies that X contains both Co and C-proj. Since G 
is a triangle functor and 3£ is a full triangulated subcategory of "rf , it is easy to see that X is closed under 
extensions in C. 

Since X is closed under extensions in C, we can endow X with an exact structure induced from the one 
of C, namely, a sequence X — > Y — > Z with all terms in X is called a conflation in X if it is a conflation in 
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C- Then one can check that, with this exact structure, X becomes an exact category. Now, we claim that X 
is even a Frobenius category such that JC-proj = C-proj. Indeed, it suffices to show that if L — > P — > N is a 
conflation in C with P G C-proj, then L G X if and only if N G X. Actually, such a conflation can be extended 
to a distinguished triangle L — > P — > N — > L[l] in C, and further, to a distinguished triangle in $lp{C). Since 
P ~ in @p(C), we have AT ~ L[l] in ^p(C). As is closed under shifts in ^ and G is a triangle functor, 
we know that G(L) G if and only if G(N) Gf.In other words, L G X if and only if N G X. This verifies 
the claim. 

(2) Note that Co C X C £ and C -proj C X-proj = C-proj. Thus X := (X, Co) and C x := are 
Frobenius pairs. 

Recall that @ F (X) := X/Co and @f{C&) := C/X. Clearly, the inclusion functor X : X ->• C and the 
identity functor : C — > C are maps from the Frobenius pair X to the Frobenius pairs C, and from C to 
respectively. So we have two triangle functors ^f(X) : X/Cp —> C_/Co and 3>p{ldc) '■ C/Co — > C/X, 
which are induced from the inclusion XQC_ and the identity functor of C, respectively. 

Clearly, X contains Co, that is, the objects of Co is a subclass of the objects of X with the morphism set 
Hohiq, (X , Y ) = Homx {X , Y) for all objects X , Y in Co- Since the inclusion X C £ is fully faithful, the functor 

(X) is also a fully faithful inclusion which gives rise to the following commutative diagram: 

(*) x/cA^c/a 

G =; 
Jf< ^<*f. 

Consequently, G induces a triangle equivalence 

Gi'.{£l($/{X/(X)-^>V/3C. 

By the universal property of the Verdier localization functor q\ : C — > C/X (respectively, qi : Qj Co 
(C/Co)/(X/Co)), there is a triangle functor $ : C/X — > (C /&)/(* /&) (respectively, \|/ : (£/0) /(*/&) - 
C/X) such that g 2 <?o = ^1 (respectively, 3> F (ldc) = yqi), where qo'- £—■ £_/ Co is the Verdier localization 
functor. Since = Q F [Idc)qo, we have 

= \|/^29o = 2>F{ld c )qo = q\ and §® P (Id c )qo = §qi = (?2<7o- 

It follows that = W and §@ F (Idc) = qi- As (|)\|/#2 = <Nk|>^f (Wc) = <t>^MWc) = <?2, we obtain = W. 
Thus (f is a triangle isomorphism. 

Now, we define G := G\§ : C/2L~ >^ / • Then the following diagram of triangulated categories 

(**) CI Co ^C/x 



— q -^^/x. 

is commutative, where q is the Verdier localization functor. Now, (2) follows from (*) and (**). 
(3) In this case, X is the kernel of the localization functor q : ^ — > So j X . Thus (3) follows. □. 



3.5 Algebraic ^-theory of differential graded algebras 

In this subsection, we shall give a definition of i^-theory spaces of differential graded algebras, which gen- 
eralizes the one of ^-theory spaces of ordinary rings and modifies slightly the definition in ll20l . But, at the 
level of homotopy groups, the two definitions give the isomorphic algebraic K n -groups for n G N. 
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Throughout this subsection, k stands for an arbitrary but fixed commutative ring (for example, the ring Z 
of integers), and all rings considered here are /c-algebras. Note that each ordinary ring with identity can be 
regarded as a Z-algebra. 

Let A be a differential graded (dg) associative and unitary /c-algebra, that is, A = @ ne zA n is a Z-graded 
/c-algebra with a differential d" : A" — > A" +l such that (A n ,d") ne z is a chain complex of /c-modules and 

(xy)d m+n =x(yd n ) + (-\) n (xd m )y 

for m G Z, x G A' n and y G A". Thus the map A Cg>* A — > A, a 0* Z? i-> Z?a for a, Z? G A, is a chain map. 

A left dg A-module M' is a Z-graded left module M* = (B n ezM n over the Z-graded /c-algebra A, with 
a differential d such that (M",d) ne z is a complex of /c-modules, and for any a G A m ,x G M n , the following 
holds: 

(ax)d m+n = a(xd") + (-1)><T> 

In particular, each dg A-module is a Z-graded A-module (forgetting the differential). 

We should observe that the dg algebra (A, d) and left dg A-module M* defined in this paper are actually 
the dg algebra (A° P ,<i) and right dg A° P -module in the sense of ||9j Summary], respectively. 

For a dg A-module M', we denote by M'[l] the shift of M' by degree 1. 

A homomorphism f : M' — s> N' of dg A-modules is a chain map of complexes over k, which commutes 
with the A-actions on M' and N*. We say that /" is a quasi-isomorphism if it is a quasi-isomorphism as a 
chain map of complexes over k, that is, H'(f') : H'(M*) — > H'(N*) is an isomoiphism for every i G Z. For 
more details, we refer to ||9l Summary]. 

We denote by ^ (A) the category of left dg A-modules. It is known that ^(A) is a Frobenius category 
(see |HJ Section 2]) by declaring a conflation to be a short sequence of dg A-modules such that the underlying 
sequence of graded A-modules (forgetting differentials) is split exact. The stable category of "rf (A) is the dg 
homotopy category Jt^(A) in which the objects are the dg A-modules and the morphisms are the homotopy 
classes of homomorphisms of dg A-modules. By inverting all quasi-isomorphisms of dg A-modules, we 
obtain the dg derived category £F(A) of A. This is a triangulated category and generated by the dg module 
A, that is, ^(A) = Tria(A). 

Observe that an ordinary /c-algebra A can be regarded as a dg algebra concentrated in degree 0, and that 
the above-mentioned categories ^ (A), Jif[A) and @{A) coincide with the usual complex, homotopy and 
derived categories of A-modules, respectively. In this case, each dg A-module is exactly a complex of A- 
modules, and a homomorphism of dg A-modules is a chain map of complexes over A. Moreover, for any 
X' G ^(A), the dg endomorphism algebra End*(X*) is a dg algebra with the differential and multiplication 
o given in Subsection l2.2l By the formula on the multiplication o, if Y* G ^(A) is another dg A-module, then 
the Hom-complex Horn* (X',Y U ) is actually a left dg End* (X*)- and right dg End*(F*)- bimodule. 

A dg A-module is said to be acyclic if it is acyclic as a complex of /c-modules. A dg A-module M* is 
said to have the property (P) if Horn j^( A )(M*, ,/V*) = for any acyclic dg A-module ,/V*. Note that the class 
of dg A-modules with the property (P) is closed under extensions, shifts, direct summands and direct sums 
in "if (A). We denote by Jf(A) p the full subcategory of Jf(A) consisting of all modules with the property 
(P). Then J^(A) p C J^(A) is a triangulated subcategory containing A and being closed under direct sums. 
More important, the Verdier localization functor q : Jtf(A) — > @{A) restricts to a triangle equivalence q : 
Jf(A) p ^ @(A) (see (H Section 3.1]). Particularly, this impl ies that any quasi-isomorphism between two 
dg A-modules with the property (P) is an isomorphism in J^(A) and that, for each dg A-module M*, there 
is a (functorial) quasi-isomorphism p M* — > M* of dg A-modules such that p M* has the property (P). 

Let B be another dg algebra and U' a dg B-A-bimodule. For a dg A-module V, we define U* ®° A V° to 
be the quotient complex of U* <S>* V modulo the subcomplex W* := (W") ne z, where W" is the /c-submodule 
of U' (E>1 V generated by all elements ua <g> v — u ® av for u G U r , a G A s and v G V with r,s,t G Z and 
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n = r + s + t. Then U° ®\ V is indeed a dg IB-module. This gives rise to the following tensor functor 

U m ® m A -: <Jf (A) — > ^ (B), V* ^ V ®' A V. 

Furthermore, the total left-derived functor U* <8>^ — : 9(A) — > ^(B) of this tensor functor is defined by 
V i-> C/' <g>X G»V") (see S Section 6]). In particular, if V has the property (P), then U' (g>^ V = £/' ®^ ^* 
in ^(B). Note that if A and B are dg algebras concentrated in degree 0, then the above tensor functor and 
total left-derived functor coincide with the ones denned in Subsection 12.21 

A dg A-module M is called relatively countable projective (respectively, countable projective) if there is 
a dg A-module N such that M(BN is isomorphic to ;e/ A[« ; ] as dg A-modules (respectively, as Z-graded 
A-modules), where / is a countable set and n\ € Z. Observe that relatively countable projective modules are 
countable projective modules and always have the property (P) because Hom.x(A)(A[i],M) ~//~'(M) for 
all i. 

Let X(A) be the full subcategory of ^(A) consisting of countable projective A-modules. Then X(A) 
is an essentially small category. This is due to the following observation: Let §(A) be the category of Z- 
graded A-modules. For every X := !e ^X ! £ (7(A), we have the following: (a) The class Zl(X) consisting 
of isomorphism classes of direct summands of X in (j(A) is a set. In fact, there is a surjection from the set 
of idempotent elements of Endg^(X) to U{X). (b) The class V{X) consisting of all dg A-modules with 
X as the underlying graded A-module is also a set since 1^(X) is contained into the set {(X,d')t e z I d' £ 
Homi c (X' ,X' +1 )}, which is a countable union of sets. 

Furthermore, X(A) is closed under extensions, shifts, direct summands and countable direct sums in 
"if (A). 

Let "?f (A, Nq) be the smallest full subcategory of X(A) such that it 

(1) contains all relatively countable projective A-modules; 

(2) is closed under extensions and shifts; 

(3) is closed under countable direct sums. 

Then ^(A, No) is essentially small, inherits an exact structure from ^(A), and becomes a fully exact 
subcategory of <?f (A). Even more, ^(A, No) is a Frobenius subcategory of "rf (A), in which projective- 
injective objects are the ones of ^(A) belonging to ^(A, No). This can be concluded from the following 
fact: For each M G 'rf (A), there is a canonical conflation M — s> C(M) — s> M{\] in ^(A) such that C(M) is a 
projective-injective object of ^(A) (see (9j Section 2.2]). Hence ^(A, No) provides a natural Frobenius pair 
(^(A, No),'^ 7 (A, No)-proj), and the inclusion ^(A, No) C *?f (A) induces a fully faithful inclusion from the 
derived category S F {V(A, N )) of <«f(A, N ) to JT(A). 

We denote by J^(A, No) the full subcategory of J(f(A) consisting of those complexes which are iso- 
morphic in J^(A) to objects of ^(A, No). Then J^(A, No) is a triangulated subcategory of J^(A) by the 
condition (2), and the inclusion @>p (^{A, No)) C (A, No) is a triangle equivalence. Since the full subcat- 
egory of X(A) consisting of all dg A-modules with the property (P) satisfies the above conditions (l)-(3), 
we deduce that each object of ^(A, No) has the property (P). This implies that (A, No) C Jf(A) p . Fur- 
thermore, by definition, "rf (A, No) is closed under countable direct sums in ^(A), and therefore J^(A, No) 
is closed under countable direct sums in J^(A) p . It follows from Lemma |2~T1 (1) that J^(A, No) is closed 
under direct summands in ,^f{A) p . 

Now, let JT(A) be the full subcategory of 9(A) consisting of all those objects which are isomoiphic in 
9(A) to the images of objects of J(^(A, No) under the equivalence q: J^(A) p ^> 9(A). Then (A) is a 
triangulated subcategory of 9(A) closed under direct summands, and g induces a triangle equivalence from 
X(A, N ) to JT(A). In all, we have 

9 F (<tf(A, N )) C JT(A, No) C JT(A) p , 3£(k) C 9(A) 

and 

9 F (^(A, No)) ^ Jf(A, N () ) -=> (A) 
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as triangulated categories. 

Recall that a dg A-module M is called a finite cell module if there is a finite filtration 

= M CM 1 CM 2 C.-CM„=M 

of dg A-modules such that, for each < i < n — 1 € N, the quotient module M,- + i/M,- is isomorphic to A[n,-] 
for some n, £ Z (see ifTTl Part III]). Clearly, each finite cell A-module belongs to 'if (A, No). Moreover, 
the category of finite cell A-modules is closed under extensions in 'if (A, So). Actually, this category is a 
Frobenius subcategory of 'if (A, No), in which projective-injective objects are the ones of 'if (A, No) belonging 
to this subcategory. 

An object M € 0(A) is said to be compact if Hom^(A) (M, — ) commutes with direct sums in 0(A). Let 
C (A) be the full subcategory of 0(A) consisting of all compact objects. Then C (A) is the smallest full 
triangulated subcategory of 0(A) containing A and being closed under direct summands of its objects. In 
fact, each compact object of 0(A) is a direct summand of a finite cell module in 0(A) (see (9j Section 5]). 
This implies the following chain of full subcategories: C (A) C JT(A) C 0(A). 

Now, we define Wa to be the full subcategory of "?f (A, No) consisting of all those objects in 'if (A, No) 
such that they are isomorphic in 0(A) to compact objects of '(A). Clearly, Wa is essentially small. More- 
over, by applying Lemma l3"31 to the Frobenius pair 'if (A, No) and the equivalence 0p( c «f(A 1 No)) — ^> JT(A) 
with the triangulated subcategory C (A) of JT(A), we deduce that Wa is a Frobenius subcategory of 
^(A, No) with the same projective objects, and that the following diagram of triangulated categories com- 
mutes: 

(*) SfWkY F (^(A, N )) c JT(A) P < JT(A) 




c (Af >■ S"(A)C 0(A) 

From now on, we regard Wa as a Waldhausen category in the sense of Subsection 13.21 namely, it arises 
exactly from the Frobenius pair (Wa, WA-proj). 

We define the algebraic K-theory space of the dg k-algebra A to be the space K(Wa), denoted by K(A). 
For n G N, the «-th K-group of A is defined to be the n-th homotopy group of K(A), denoted by K n (A). Note 
that Kq(A) is isomorphic to Kq(0f(Wa)), the Grothendieck group of the (essentially small) triangulated 
category @j?(Wa) of the Frobenius pair (Wa, *W4-proj)(see Subsection l3.2l ). 

Consequently, we have obtained the following result. 

Lemma 3.4. The Verdier localization functor J^(A) — > 0(A) induces a triangle equivalence: 0f(Wa) — — * 
C (A). In particular, Kq(Wa) is isomorphic to the Grothendieck group Kq(0 c (A)) of c (A). 

To illustrate our definition of ^-theory spaces of dg algebras, we first establish the following result. 

Lemma 3.5. Let ?h be the full subcategory ofWA consisting of all finite cell A-modules. Then the inclusion 
!Fa Wa induces an injection Ko(Fa) — > Kq(Wa) and an isomorphism K^^a) — > K n (WA)for each n>0. 

Proof. Note that ^Fa is a Frobenius subcategory of Wa and that the inclusions Fa Q Wa 'if (A) induce 
fully faithful inclusions f (7a) Q S>f{^a) Q ^(A) p (see Subsection EUl. 

To show that the inclusion 0f(7a) —> &f(^a) is an equivalence up to factors, we shall compare the 
images of these two categories under the equivalence q : J^(A) p — > 0(A) in the above diagram (★). In fact, 
by Lemma l3~4l the restriction of the functor q to 0f(Wa) gives rise to a triangle equivalence 0f(Wa) — ^> 
C (A). Let & be the smallest full triangulated subcategory of C (A) containing A. Since the objects 
of 0f(!Fa) are the same as the ones of Fa, the image of the restriction of the functor q to 0f(!Fa) is 
contained in & ', and therefore is equal to <3f . Thus q induces a triangle equivalence 0f(1a) ' • Since 
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C (A) = thick(A) and Aef C C (A), we have thick (00 = C (A). So the inclusion <& ->■ C (A) is an 
equivalence up to factors. Consequently, the inclusion @f{!Fa) — > ^f(^a) induced from ^ is also 
an equivalence up to factors. Now, Lemma |3~31 foilows from Lemma |3T2l (3). □. 

Remark 3.6. In ||20l Section 12.3], a /T-theory spectrum K(^7a) is denned for the category ^Fa- Moreover, it 
is known in ll20l Theorem 8] that, for each n € N, the n-th homology group of K(^a) is given by 

k (K( KM if " >0 ' 

K (^(A)) ifn = 0. 

Thus Lemmas [3.5| and |3~Al show that 7i„ (K(^a)) — K n (A) for all nGN, and therefore, at the level of homotopy 
groups, our definition of 7^- theory for dg algebras is isomorphic to the one denned by Schlichting in ll20l . 



The following result, together with Lemma [331 may explain the advantage of defining ^-theory of arbi- 
trary dg algebras by using the category rather than ^k- 

Lemma 3.7. Let A be an algebra with identity, and let A be the dg algebra A concentrated in degree 0. Then 
K{A) — > K(A) as K-theory spaces. 

Proof. Clearly, tf(A) = if (A), Jt(A) = X(A) and 0(A) = 0(A). In particular, C (A) = C (A). By 
the construction of we see that ^(A-proj) C and ^(A-proj)-proj = ^(A-proj) C T-14-proj. Thus 
the inclusion j : ^''(A-proj) — s> is a fully faithful map of Frobenius pairs. In other words, ^ fo (A-proj) is 
a Frobenius subcategory of This implies that the triangle functor 0f(/) '■ 0F(^(A-proj)) — > &f(Wa) 
is fully faithful (see Subsection 13.21) . Now we show that S>fU) * s an equivalence. On the one hand, the 
localization functor q : J(f{A) —¥ 0(A) induces an equivalence q\ : 0^ (ft4) — >• C (A) by Lemma [3~4l On 
the other hand, the composite of the following functors: 

Jf b (R-pwj) = & F (^(A-proj)) ^ @ F (W A ) ^ C (A) 

is also an equivalence induced by q. Thus 0f(j) is a triangle equivalence. By Lemma |3T2"1 (2). we know that 
K(A) K(W A ) =: K(A) as ^-theory spaces. □ 

The following result is in the literature Q Proposition 6.7 and Corollary 3.10] where proofs use knowl- 
edge on model categories. For the convenience of the reader, we include here another proof based on the 
facts mentioned in the present paper. 

Lemma 3.8. Let X : B — > A be a homomorphism of dg algebras which is a quasi-isomorphism. Then the 
functor A(g)J — : ^(B) —¥ ^(A) induces a homotopy equivalence K(M) —¥ K(A) of K-theory spaces. In 
particular, ifH*(A) = Ofor all i ^ 0, then K(A) K(H°(A)). 

Proof. Note that the functor A ®J — : 14^ — > is a well-defined map of Frobenius pairs and that objects 
belonging to 14^ or always have the property (P). So we can form the following commutative diagram 
of functors: 



0F W) ^ 0F(^A) 



C (B) C (A) 



where the equivalences in vertical direction are induced by the localization functors J^(B) — > 0(B) and 
J(T(A) — > 0(A), respectively (see Lemma [3~4b . Since X : B — > A is a quasi-isomorphism, it follows from 
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ifTTl Proposition 4.2] that the functor A® J — induces a triangle equivalence £^(B) Qi(A) which restricts 
to an equivalence 2# C (M) — ^> @ C (A) (see also J9[ Section 3.1]). Thus the functor 

S)f (A ®^ -) : — ► ^ f CWa) 

is a triangle equivalence. Now, the first part of Lemma |3.8| follows from Lemma |372l (2). 

Suppose that A := (A'',<f) ;eZ with //'(A) = for all i ^ 0. We define X-°(A) to be the following dg 
algebra: 

,r 3 ^A- 2 ^ A" 1 ^ Ker(rf°) — ► — ► ■ • ■ . 

Then there exist two canonical quasi-isomorphisms x- (A) — > A and x- (A) -4 H°(A) of dg algebras. It 
follows from the first part of Lemma [3781 that 

#(t-°(A)) ^K(A) and K{x^°{A)) K{H°(A)). 

Combining these homotopy equivalences with Lemma [3771 we see that K(A) ^> K(H°(A)) as A'-theory 
spaces. □ 

The following result will be used in proofs of our main results. 

Lemma 3.9. Let A be an algebra and P* 6 ^(A-proj). Define § := End^(P*) and IP to be the full subcate- 
gory of c ^' b (A-proj) consisting of all those complexes which, regarded as objects in &{A), belong to Tria(P*). 
Then K(S) — > K(tP) as K-theory spaces. 

Proof. We remark that (P is a Frobenius subcategory of "rf^A-proj) such that its derived category ^r(fP) 
is equivalent to JT := Tria(P') n £F C (A) via the Verdier localization functor q : Jff(A) — > S>(A). 

In fact, since SC is a full triangulated subcategory of & C {A) and ^(^(A-proj)) = J?T fo (A-proj) — ^> 
3> C {A), we see that IP is exactly the full subcategory of ^(A-proj), in which the objects are complexes in 
^(A-proj) such that they are isomorphic in £F C (A) to objects of 3C . Hence, by Lemma l373l (P is a Frobenius 
subcategory of ^ b (P-proj ) and the functor q induces an equivalence q\ : Qip(fP) 3£ . 

Now we view A as a dg algebra concentrated in degree 0, and let X be the full subcategory of Wa 
consisting of those objects that are isomorphic in 5? C (A) to objects of X. Then, applying Lemma [3731 
to the Frobenius pair Wa and the equivalence £$p(Wa) — > £^ C (A) in Lemma [3741 we get a Frobenius pair 
(X, T-l^-proj) which is included in the Frobenius pair (Wa, f M^-proj), and an equivalence q2 : 3>f{X) ^> X 
induced from the functor q. Note that X-pro] = "M^-proj. Recall that, for a dg algebra A, ^A-proj consists 
of all those objects which are homotopy equivalent to the zero object in "rf (A). 

In the following, we first show that K(T) ^ K{X), and then that K(S) ^ K(X) as ^-theory spaces. 
With these two homotopy equivalences in mind, we will obviously have K(§) ^> K(fP), as desired. 

Let us check that K(T) K(X). Actually, it follows from ^ fo (A-proj) C W A that fCI Since 
i'-proj = ^.(A-proj) C ^-proj = X-pro], the inclusion /u : (P — > X of Frobenius categories induces a fully 
faithful functor &f(m) '■ ^f(^P) — > @f(X). Since q\ = 92 (/■*)> we see that 3>f{h) is an equivalence. Thus 
the map K((P) — > K(X) is a homotopy equivalence by Lemma l3721 (2). 

Next, we prove that there is a homotopy equivalence K($) K(X). 

To prove this statement, we define G := P * ®g — : ^(3) — > ^(A) and claim that G : W§ — > X is a map 
of Frobenius pairs. We first show that G is well defined, that is, G(W§) C X. In fact, as a graded A-module, 
P* is equal to 0, e z^"> which is a finitely generated projective A-module. Let X(B) and X(A) be the full 
subcategories of ^(S) and (A) consisting of countable projective modules, respectively. Then, due to 
G(S) = P* ®§ § ^ P', we see that the functor G : X(S) -4 X (A) is well defined. Note that G(3) ~ P* G 
^(A-proj) C ^(A, No) and the functor G : X(S) — > X(A) preserves conflations and commutes with both 
shifts and countable direct sums. This implies that the following full subcategory 

G-\^{A, N )) := {X G X{S) \ G(X) G <*f(A, N )} 
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of X(B) contains all relatively countable projective A-modules, and is closed under extensions, shifts and 
countable direct sums. 

Since ^ (§, No) is the smallest subcategory of X(§>) which admits these properties, we have ^(S, No) C 
G- l {^{A, N )). Thus G(^f(S, N )) C <«f(A, N ) and G : tf(S, N ) -> *jf (A, N ) is a well-defined functor. 

Furthermore, since each M G ^f(S, No) always has the property (P), we see that P'®|M = G(Af) in 
^(A). So, to show that G('M^) C X, it suffices to prove that if M G then P* ®|M G X. Actually, 
let M G W s . Then M G ^ C (S). As P* <g>| S ~ P* G ^ C (A), the functor P* <g>| - : 0(S) -4- 0(A) preserves 
compact objects. This implies P* ®g M G ^ c (A). Note that 0(§) = Tria(§) and P* ®| - commutes with 
direct sums. By LemmaEI](2), we have P* ®|M G Tria(P'). Thus P* <g>|M G Tria(P') n ^ C (A) = $f. 

As a result, we have G(Ws) C X. Since G always preserves conflations and homotopy equivalences, we 
know that G sends projective objects of W§ to the ones of X, and therefore G : It's — > is a map of Frobenius 
pairs. 

Finally, we show that the functor @f{G) : &f{'W^) — > @f(X) induced from G is a triangle equivalence. 
Indeed, by [9, Section 3.1], the functor G = P* <g>g — : ^(S) — > ^(A) induces a triangle equivalence: 

P*®s-: #(S) ^>Tria(P'), 

which restricts to an equivalence ^ c (§) ^> i£T since coincides with the full subcategory of Tria(P') 
consisting of all compact objects in Tria(P') by Lemma |2T2"1 (T). Moreover, according to Lemma l3~Al the 
localization functor J(f(S) — > 0(§) induces an equivalence q : &f{^s) ^ c (§)- Consequently, we can 
form the following commutative diagram of functors: 



~ q 

C (S) 



9>f(G) 



h{x) 

q ~ 



X 



Thus @ F (G) : ^f(W§) @>f(X) is an equivalence. This implies that K(S) £(X) by LemmaE2](2). 
As *T(<P) ^> K(X), we see that A'(S) ^ K(fP) as ^-theory spaces. □ 

As a further preparation for proofs of our main results, we now recall a useful fact about ^-theory spaces 
of ordinary rings, which is a revisited version of a special case of the classical 'resolution theorem' due to 
Quillen (see lfT8l Section 4, Corollary 2]). For more general arrangement of this result for exact categories, 
we refer the reader to ||2T1 Proposition 3.3.8]. For the convenience of the reader, we include here a proof for 
this special case. 

Lemma 3.10. Let A be a ring. Then the following are true. 

(1) The inclusions A-proj ^ & <00 (A) A-Mod of exact categories induce equivalences: 

J^(A-proj) ^ @ b (0> <o °(A)) -=» C (A). 

(2) The inclusion A-proj & <0 °(A) induces a homotopy equivalence K(A) — > K(£P <co (A)), where 
K(0 i<c °(A)) is the K-theory space of the exact category & >< °"{A). 

Proof. (1) Recall that S> b {A)) denotes the bounded derived category of the exact category & <0 °{A) 
defined in Subsection 13.31 By the dual of iflOl Theorem 12.1], the inclusion A-proj — > ^ <C °(A) induces a 
fully faithful functor (A-proj) — > @ b (3 s< °°{A)). Actually, this functor is also dense since each mod- 
ule in ^ <C> °(A) has a finite resolution by finitely generated projective A-modules. Thus J£^(A-proj) — 
^ fo (^ <00 (A)). Note that the inclusion ^ 2>< °°(A) -> A-Mod is an exact functor of exact categories. This 
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directly yields a triangle functor ^(^ <00 (A)) — > 2${A) which factorizes through 2) C (A). Since the compo- 
sition of the following two functors: 

jr fc (A-proj) ^ fo (^ <00 (A)) — > @ C {A) 

is an equivalence, we see that the latter is also an equivalence. This shows (1). 

(2) The inclusion A-proj ^> <00 (A) induces an inclusion functor ^(A-proj) -4 "Sf* \@><<* '(A)) and a 
map between the Frobenius pairs 

A:= (^(A-proj),^(A-proj)) and B := (^(^<"(A)),^(^<°°(A))) . 

Note that K(A) ~ #(A) and JT(B) ~ ^(^ >< °°(A)). Now, (2) follows from (1) and LemmaEl(2). □ 



4 Algebraic ^-theory of recollements: Proof of Theorem [LT 



The main purpose of this section is to prove Theorem [TTT] and Corollary 1 1.21 We first make a few preparations. 
4.1 Homotopy-split injections on AMheory spaces of Frobenius pairs 

As the first step toward the proof of our main result, Theorem 11.11 we will discuss when maps between 
i^-theory spaces, which are induced from maps of Frobenius pairs, are homotopy-split injections. 

Let X and Y be two pointed topological spaces. By a map between topological spaces we always mean 
a pointed and continuous map. Recall that a map / : X — > Y is called a homotopy-split injection if there is a 
map g : Y — > X such that fg : X — > X is pointed-homotopic to the identity map of X. Dually, we can define 
the homotopy-split surjections. 

Homotopy-split injections provide us usually with decompositions of topological spaces. The follow- 
ing result, due to (|22l Corollary 7.1.5 and Theorem 7.1.14] and (26 1 Chapter III, 6.9*], is useful for our 
considerations. 

Lemma 4.1. Let (X,xq) — — )• (Y,yo) -^4- (Z,z.q) be a homotopy fibration. Suppose thatX,Y andZ are homo- 
topy equivalent to CW-complexes and that g induces a surjective map Ko(g) : Ko(Y,yo) — > 7to(Z,zo) of the 0-th 
homotopy groups. If the map f is a homotopy-split injection, then Y is homotopy equivalent to the product of 
X and Z. 

Recall that the /^-theory space K(C) of a small Waldhausen category C is always homotopy equivalent to 
a CW-complex (see Subsection l3.ll ). So, in our consideration, we can apply Lemma l4~T1 to discuss homotopy- 
split injections between ^-theory spaces of small Waldhausen categories. In fact, by Lemmas 13.21 (1) and 
14.11 we have the following consequence for ^-theory spaces. 

F G @F (F) 

Corollary 4.2. Let A — > B — > C be a sequence of Frobenius pairs. Suppose that the sequence S>p (A) — > 

@p(B) @ F (C) of triangulated categories is exact. If the map K(F) : K(A) — > K{R) induced by F is a 
homotopy-split injection, then 

^(B) Al(A)x^(C). 
Next, we establish the following result which generalizes Lemma |3T2"1 (2). 

Lemma 4.3. Let H : A — > B and G:B->Ck maps of Frobenius pairs such that 

(1) S> F {GH) : ® F {A) — ► 3f{C) is fully faithful, and 

(2) \m(9 P {G)) = \m{& F {GH)) in @ F (C). 

Then the map K(H) : K(A) — > K(B) induced by H is a homotopy-split injection. 
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Proof. Let B := C := (C,Co) and X := \m{S> F (G)). By (1) and (2), we see that is a 

full triangulated subcategory of S> F {C). Let X be the full subcategory of C consisting of all these objects 
which, viewed as objects of @ F (C), belong to X ', and let X := {X , Co)- Then X is a Frobenius pair and 
@ F (X) = X by Lemma E3 Clearly, we have G(#) C X. This implies that G : B ->• C induces a map 
E : B — > X of Frobenius pairs, that is, G is a composition of E with the inclusion X <^-» C. Now we consider 
the following commutative diagrams: 




and ^ F (A)^5^ F (B) 




By (1), we see that @ F (EH) = @ F (E)@ F (H) : 3> F (A) -> & F (X) is fully faithful. By (2), we have JT = 
\m(@ F {GH)) = \m(3i F (EH)). Thus <2) F (EH) : &> F (A) ->■ 3> F (X) is an equivalence between derived cate- 
gories of Frobenius pairs. Now, it follows from Lemma |3T2l (2) that the map 

K(EH) = K(H)K(E) : K(A) — > K(X) 

is a homotopy equivalence. This means that K(H) is a homotopy-split injection. □ 

As an application of Lemma 1431 we have the following result which will serve as a preparation for the 
proof of Theorem ll.il 

Corollary 4.4. Let R and S be rings, and let Q* be a complex in <tf b (R ® z S° r ') with R Q n <G ^ >< °°(R)for 
all n € Z. Let <3f be a full triangulated subcategory of 3) C (S), and define ¥ C ^(S-proj) to be the full 
subcategory of objects which belong to W as objects in Si c {S). Then the following hold: 

(1) The pair P := (2 , ,^ c ^,(5')-proj) is a Frobenius pair and the inclusion P C ^(S-proj) is a map of 
Frobenius pairs. 

(2) If the functor Q* (g)^ — : 3>{S) — > S>{R) induces a triangle equivalence & — H> X := Tria(#<2*) n 
& C (R), then the map K(F) — > ^(^(S-proj)) induced from the inclusion P — >• ^(S-proj) is a homotopy-split 
injection. 

Proof. (1) We consider the Frobenius pair ^(5-proj) and the triangle equivalence ^(^(S-proj)) = 
Jt rb (S-pro')) ^> 3> C (S) induced by the canonical localization functor. Then, by Lemma [331 (1). we know 
that P is a Frobenius subcategory of ^ fo (5-proj), and the inclusion P C <ff fo (S-proj ) is a map of Frobenius 
pairs. 



(2) Let B := (^ b (^ <00 (R)),^ b c (^ <00 (R))) . Then @ F (B) = i 
with R Q" G ^> <X (R) for all n € Z, it follows from LerrrmaEDthat 

G:= R Q'®' s -:tf b (S-proj) - 



3 (/?)). Since Q m ^ b {R®%S" 



B 



is a map of Frobenius pairs and the derived functor @ F (G) : & F (^€ b (5-proj ) ) 
composition of the following functors: 



?f(B) is given by the 



SM^(S-proj)) — Jf*(S-proj)*^l <%T b {0><~ {R)) ® h (R)) — @ F (B) 

where q is the localization functor. 

Since S>(S) = Triads) and Q* S = Q" in S>(R), the image of the functor 0" ®£ - : S>(S) -> 9(R) is 
contained in Tria(#<2*) by Lemma |2TT1 (2). So we write Q* (g)^ — : &{S) — > £>(R) as the following composi- 
tion: 9{S) Tria( s 2*) ^ 9{R). Since Q* G tf b (R®zS° P ) with R Q n € ^> <00 (R) for all n G Z, it follows 
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from 3? <a °(R) C & C (R) that R Q' G ^ c (/?). Note that JT & (S-proj) 



and Q* ®| 5 = 2* in 9{R). 



Thus the restriction of Q* ®$ — to 5$ C {S) is actually a triangle functor from @ C (S) to 

Suppose that Q* <g% - : @(S) -)• ^(/?) induces a triangle equivalence <3f -=» X. Let F : P -)• ^(S-proj) 
be the inclusion map of the Frobenius pairs. Now, we show that 

(1) &f(GF) : F (P) -> ^p(B) = ^(^<~(/?)) is fully faithful, and 

(2) Xm{@ F {G)) = Xm(9 F (GF)) C ^(^ <00 (7?)). 

In fact, by Lemma |3.101 the inclusion j : ^ 2,< °°(/?) — >■ /?-Mod induces a triangle equivalence 



D(j) : @ b (& <0 °(R)) 



According to Lemma |331 (2), we can construct the following commutative diagram of triangulated categories 
(up to natural isomorphism): 



,(P)*^Jf»(S-prqj 



& b {^ <aa {R)) 




9{R) 



This implies that D(j)® F (G)® F (F) : ^ F (P) -»• @ C {R) is fully faithful and that 

lm{D(j)& F (G)) = Im((g*<S&-)|^( S) ) = & = Jm(D(j)9 P (G)9 F (F)). 



Now, (1) and (2) follow from the equivalence D(j) : & b (^> <c °(R)) ^ ® C (R). By LemmagJl we infer 
that the map K(F) : K(P) — > (5-proj)) is a homotopy-split injection. □ 

From the proof of Corollary 14.41 we obtain the following result. 

Lemma 4.5. let R and S be rings, and let P* G ^{R (g>z S° v ) such that R P* G ^(R-proj), Hom R (P',R) G 

@ C (S) and the functor P* (g>^ — : 3>{S) — > $){R) is fully faithful. Assume that there exists a complex Q' G 
^{S®iR° v ) such that s Q n G ^ <00 (S)for allneZ and that 

Q'®r-^ nom R (P\R) ^ - : 9{R) — > ®{S). 



Then the map K{P* £g>* — ) : K(S) — > K(R), induced from the map R P* ®* — : ^(5-proj) — > (R-proj), is a 
homotopy-split injection. 

Proof. We first point out that Q* in Lemma 14.51 can be chosen to be a bounded complex, that is, Q* G 
tf b {S(g)zR op ). Indeed, let Q m be of the from: 







P'* ® R - : @(R) -4 3>{S) by assumption, 



with some t G N, and let P'* := Hom R (P*,R). Since Q' ® R - ■ 
we have 

In particular, H"(Q*) ~ H n (P**) for all neZ. Note that P"* is a bounded complex since S P* G ^(tf-proj). 
Thus there is an integer 5 < ? such that H'(Q*) = for all i < s. Let W* be the following complex obtained 
from the canonical truncation in degree s: 



— ► Coker(J 



qS+1 £^ qs+2 <£ 



Q' 
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Then W G tf b (S ® Z R° P ) and there is a canonical quasi-isomorphism /* : g* — > W in ^{S <8>zP ). In 
particular, g* ~ W in 9{S). Since P** ~ g* in ^(5) and P** G ^ C (S), we see that both 0* and W lie in 

3> C {S). 

On the one hand, by (9j Lemma 4.2 (d)], the quasi-isomorphism /* induces a natural isomorphism of 
derived functors: 

Q' ®r — —+ W <S>r — : 9{R) — > 0(S), 

and therefore jp» <g}£ - -=> P«* ^ - : &{R) _> ^(5). On the other hand, since s g" € &> <00 (S) for s + 1 < 
/i < t and since ^> <00 (S) C S> C {S), we see from W G SH C (S) that the module Coker^" 1 ) is in £> C {S), and 
therefore it lies in & <co (S). This implies that each term of W as an S-module belongs to £? <0 °(S). Thus we 
can replace g* in Lemma 1431 by the bounded complex W. 

Now, we assume g* G tf b {S® z R° P ) and define B := (^(^ <00 (5)), < ^ c (^ <00 (5))). Then 9 P (B) = 
^*(^><-(5)). Since 5 g" € ^ <00 (5) for all «eZ,we have g* ~ g* G ^(^ <00 (S)) transparently. By 
Lemma |3~T1 the additive functor 

G := 2* ®' - : ^(P-proj) — ► B 

is a map of Frobenius pairs. Since rP° G <?f fo (P-proj), the functor F := rP* ®* — : ^ fc (5-proj) — > ^ fo (P-proj) 
is also a map of Frobenius pairs. Consider the following commutative diagram of triangulated categories: 

(*) JT fc (5-proj) jr fo (P-proj) ^ (G) > &> (&<-($)) 



d(;) 



^ c (5) — > ^ C (P) ^ C (S) 

where the equivalence D(j) is induced by the inclusion j : tP <c °(S) — > 5-Mod by Lemma 13.101 

In the following, we claim that the composition of the two functors in the second row of the above 

diagram is an equivalence. 

Indeed, on the one hand, since (P* <g>| -,MHom R (P*, -)) is an adjoint pair and P* ®| - : <&(S) ->• @{R) 

is fully faithful, the unit adjunction 

r, : u m _^ RHom R (P', P* ®| -) : — > 0(S) 
is a natural isomorphism. On the other hand, since #P* G ^(P-proj), we know from ||3] Section 2.1] that 

P'* ®r - ^ MHom R {P m , -) : ®{R) — > ®(S). 

Thus 

Id m ^ (P-* ®\ -)(P' ®\ -) : @{S) — > 0(S). 
Due to the natural equivalence g* ®^ =->• P'* (g)^ - : £F(P) -> ^(5), we certainly have 

Td m (g* <g& -)(P* ®£ -) : 0(S) — ► @{S). 

Consequently, the functor (g* <g>^ -)(P* ®| -) : 9{S) -> ^(5) is an equivalence, and therefore so is its 
restriction to $1 C (S). This finishes the claim. 

By the diagram (*), the composite of @f{F) with S>f{G) is an equivalence of derived categories of 
Frobenius pairs. Now, it follows from LemmaE2(2) that the map K(GF) = K(F)K{G) : K(S) -> K(S) is a 
homotopy equivalence of ^-theory spaces. This shows that K{F) is a homotopy-split injection, completing 
the proof of Lemma 1431 □ 
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Remark 4.6. A sufficient condition to guarantee that 

G* ®j? - P** ®r - : £>(R) — > 

in Lemma |4~51 is that the complexes Q* and P'* are connected by a series of quasi-isomorphisms among 
chain complexes over S(S>zR op - 

q- <— aj — ► trf < ► c/;_! <— c/; — > p** 

for some « 6 N. For a proof of this fact, we refer the reader to |9] Lemma 4.2 (d)]. 

4.2 Algebraic ^-theory of recollements induced by homological ring epimorphisms 

To prove Theorem ll.il we shall establish the following substantial result, Proposition [4771 on ^-theory spaces 
of rings which are linked by homological ring epimorphisms. This result involves i^-theory spaces of dg 
algebras, which are introduced in Subsection 13.51 and gives a decomposition of higher algebraic ^-groups. 
The conclusion of our result under the assumption of finite-type resolution is, of course, stronger than the 
result in lfT6l 

Proof of Theorem 0(1). 

For the convenience of references, we restate the first part of Theorem l 1 . 1 I more precisely as the following 
proposition. 

Proposition 4.7. Let X: R — s> S be a homological ring epimorphism such that rS € ^ <a °{R). Then there is 
a complex P* G "rf fo (P-proj ) such that Tria(/ 3 *) = Tria(^<2*) C @{R), where Q'[l] is the mapping cone ofX. 
Further, if we define T := End^(P'), then K(R) — > K(S) x K(T) as K-theory spaces, and therefore 

K n {R)~ K„ (S) ®K n (T) for all n€N. 

Moreover, if~H.om@t R \(P',P'[i]) = for all i ^ 0, then K(R) —} K(S) x K{T) as K-theory spaces, where 
T := End^(^)(P*). In particular, 

K n (R) ~ K n (S) ®K n (T) for all n € N. 

Proof. Under the assumption rS € & <0 °(R), we can choose a complex S* in ^ (P-proj ) such that rS 
is isomorphic to 5" in @(R). So we get a chain map from rR to 5* such that its mapping cone P*[l] is 
isomorphic in $>(R) to the mapping cone Q*[l] of X. This complex P' satisfies the property in Proposition 
14.71 Now, let us fix such a complex P' throughout the proof. 

By definition, Q* is the two-term complex — > R — > S — > with R and S in degrees and 1, respectively. 
Clearly, Q' G tf b (R ® z R° P ) . Since R S € 0> <O °{R), we have R Q n £ &><°°(R) for all neZ. Therefore, Q* 
satisfies the first assumption in Corollary 14.41 

Let 

& := Tda(jtfi") D @ C {R), ¥ := {X* e <<f fe (/?-proj) | X* G and P := (fP,«* (fl-prqj)) . 

Then it follows from Corollary 14.41 (1) that the inclusion F : P — > ^(P-proj) is a map of Frobenius pairs. 
Considering the following sequence of Frobenius pairs: 

^(S-proj) * S0R ~ ^(P-proj) — F —> P, 

we then obtain a sequence of triangulated categories: 

(*) ^(^(5-proj)) < 0Jf{S ® r - ] @ F (tf b (R- W oj)) 2^1 ® F {V). 
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Let 3 s ' be the full subcategory of Jt h (/?-proj ) consisting of all those objects which, regarded as objects 
of 3> C (R), belong to Since S> F (^ b (R-^xo])) = Jf b (R-pro}) ^ @ C (R) and & is a full triangulated 
subcategory of 3) C {R), we see from Lemma |331 (2) that @ F (P) — =^ 2 "- So the sequence (*) is exactly the 
following sequence: 



Jf 6 (fl-proj) 



jr*(5-prqj) 

Now, we claim that this sequence (of triangulated categories) is exact (see Subsection 12. II for definition). 
Actually, there is a commutative diagram of triangulated categories: 



®f{S®r-) 



JfT b {R-Vr:o]) 



® C (R) 



DO? 



in which the square on the right-hand side follows from Lemma 1331 (2). So it is sufficient to show that the 
bottom sequence in the above diagram is exact. 

Since X : R — > S is a homological ring epimorphism, it follows from Lemma l24l that there is a recollement 
of triangulated categories: 



(**) 9{S) 



9{R) 



Tria( s 2') 



where j\ is the canonical inclusion and is the restriction functor D(X,#) induced from X, and where / := 



orm- 



and/* :=S®\- 



Since rS € ^ <0 °(7?), we have = rS G 2$ c {R). This implies that /* preserves compact objects. Note 
that f$(R) is compactly generated by the compact object rR. Thus, by Lemma |2~3l (c), we see that (**) gives 
rise to the following "half recollement" at the level of the subcategories of compact objects: 



@ C (R) 




Tria(£*)n^ c (7?) 



which satisfies the following properties: 

(a) The inclusion j\ : & — > 2t c (R) is fully faithful. Since both Tria(#<2*) (see Lemma 1231 (a)) and 
3) C {R) are closed under direct summands in &{R), we know that & is also closed under direct summands in 

@ C (R). 

(b) The composite of j\ with i* is zero, and the functor i* induces an equivalence Qi c (R)/ ' — ^> 3) C {S) 
of triangulated categories. In particular, & coincides with the kernel of the restriction of i* to 5$ C (R). 

As a result, the following sequence 

® C {S) - @ C (R) - ^ 

is exact, and therefore so is the sequence (*). This finishes the claim. 

By Lemma [3721 the exactness of (*) implies that the sequence of ^-theory spaces: 

K(S) ' K(R) * — K(P) 

is a homotopy fibration. 
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Next, we shall apply Corollary I4.4l to show that K(F) is a homotopy-split injection. 

By Corollary 14.41 it suffices to check that y : @(R) — > &{R) induces an auto-equivalence 3? ^> 8?. 

Indeed, by the recollement (**), the composite of y with y is naturally isomorphic to the identity of 
Tria(ft<2*)- This implies that y : Tria(#<2*) — > Tria(#<2*) is an auto-equivalence. Since j\ always preserves 
compact objects, we see that & coincides with the full subcategory of Tria(#<2*) consisting of all compact 
objects in Tria(«2*) (see also Lemma |272"1 (T)). Thus y induces an auto-equivalence 5?. It follows 

from Corollary I4.4l that K(F) is a homotopy-split injection. By Corollary 14.21 we see that 

K(R) ^ K(S) x K(P) 

as A'- theory spaces. 

In the following, we shall apply Lemma [3791 to prove that K(P) is homotopy equivalent to K(T), where 
T := End' R (P') is the dg endomorphism ring of P*. 

Recall that P* € ^ b (R-pro}) and Tria(P') = Tria( R £2') C S>(R). In particular, we have 

& = Triage*) n & C {R) = Tria(P') n @ C (R) C @ C (R). 

By Lemma [3791 there is a homotopy equivalence K(T) ^(P)- Thus 

K(R) ^ K(S) x K(T) 

as ^"-theory spaces, and therefore K„(R) ~ K n (S) ®K n (T) for «6N. This shows the first part of Proposition 
E77J 

Note that H'(T) ~ YLom@r R \(P' ,P'[i\) for each i € Z. Now, the second part of Proposition 14.71 is a 
consequence of Lemma [378] together with the first part of Proposition [477] Thus Theorem ll.ll (l) follows. □ 

Remark 4.8. By the recollement (**) and Lemma l272l (T). we conclude that, under the assumptions of Propo- 
sition 14.71 the category & := Tria(#<2*) n & C (R) coincides with any one of the following three categories: 

(1) The full subcategory of Tria(#<2*) consisting of all compact objects in Tria(«2*). 

(2) The smallest full triangulated subcategory of Qs c {K) which contains Q* and is closed under direct 
summands. 

(3) The full subcategory of Sl c {R) consisting of all objects X* such that S<S>rX* = in $>{S). 

Particularly, (3) implies that the category fP, defined in the proof of Proposition 14.71 is equal to the full 
Frobenius subcategory of (/?-proj ) consisting of all those complexes X' such that S®rX* is acyclic, that 
is, H'(S <S>rX') = for all i G Z. In the literature, for example, see lPT6l Theorem 0.5] and lPT2~l Theorem 
14.9], it was shown that, for homological ring epimorphisms X: R —> S with additional conditions, there is a 
weak homotopy fibration: 

(t) K(P) m , K(R) ^ , K(S). 

This implies that, in general, the map Kq(S(£>r — ) : Ko(R) —> Kq(S) does not have to be surjective. However, 
Proposition [477] shows a stronger conclusion, namely, under the assumption rS € & <0 °(R), the sequence (f ) 
splits up to homotopy equivalence: 

K(R)-^*K(S)xK(P). 

Now we turn to the proof of TheoremQ7TJ(2). The main ingredient of the proof is Proposition 14.71 
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Proof of Theorem[TT](2). 

Given a recollement of derived module categories: 



9{T) 

we can obtain the following two consequences: 

(1) The complex j\(T) is compact in S>(R) and 

End^ (R) (7,(r)) ~ T, nom &{R) (ji(T),j,(T)[n]) = for n ^ 0. 

(2) Tria(j!(r)) = {Xe 9(R) \ Hom, J{R) (X ,Y) = for each Y G 9{S)}. 

Moreover, since X : R — > S is a homological ring epimorphism, there is a recollement of triangulated 
categories by Lemma l2~4l 

F 

9{S) — ^ 9{R) Triage*) 

where F is the inclusion and Q'[l] is the mapping cone of X. It follows that 

Triage*) = {X G 9{R) | Hom^ (R) (X ,7) = for each Y G 9{S)}. 

By (2), we have Tria( j,(T)) = Tria( s 2*) C 9{R). 

Since j\(T) is compact in @(R), we can choose P* € ^(P-proj) such that P' ~ j\(T) in @(R). Then 
Tria(P') = Tria( s g*) C ®(R), and by (1), we have 

End^ (R) (P*) ~ T and Hom^) (P* ,P'[n)) = for n / 0. 

Now, suppose that R S G ^> <co (R). It follows from Proposition @J]that #(P) ^> £T(S) x *r(P) as ^-theory 
spaces, and therefore 

K n (R) ~ *T„ (S) © (r) for all r G N. 

This finishes the proof of Theorem 1 1.11 (2) for the case R S G ^ <0 °(R). 

Similarly, we can prove Theorem II. II (2) for the case Sr G ^ <0 °(P op ). In fact, this can be understood 
from Lemma 1231 and the following fact: For any ring A, there is a homotopy equivalence K(A) K(A op ) 
(see lfT8l Sections 1 (3) and 2 (5)]). Thus the proof of Theorem [T7T] has been completed. □. 

Proof of Corollary [LH 

We shall apply Proposition 14.71 and lfT5l Theorem 0.5] to show Corollary 1 1.21 

Let X : R — > S := /?£ be the universal localization of R at E. By abuse of notation, we identify each 

homomorphism Pi — — > Pq in £ with the two-term complex — > Pi — -> Po — > in ^(P-proj), where P; is in 
degrees — i for / = 0, 1. 

First of all, we recall the definition of a small Waldhausen category The category is the smallest 
full subcategory of ^ fo (P-proj) which 
(f) contains all the complexes in E, 
(ii) contains all acyclic complexes, 

(Hi) is closed under the formation of mapping cones and shifts, 
(iv) contains any direct summands of any of its objects. 

We remark that ^ was first defined in |[T6l Definition 0.4] and denoted by R. Observe that, in the 
cofibrations are injective chain maps which are degreewise split, and the weak equivalences are homotopy 
equivalences. Moreover, ^has the following additional properties: 
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(v) is closed under finite direct sums in ^(R-pm]). 

(vi) If N' G %, and M* G ^(tf-proj) such that, in J^*(R-proj), Af" is a direct summand of TV*, then 
M* G In particular, ^ is closed under isomorphisms in J£T 6 (/?-proj). 

Actually, these two properties can be deduced from (ii)-(iv) with the help of the following two general 
facts: LetX', Y' G ^(tf-proj). Then 

(1) X* (BY* is exactly the mapping cone of the zero map from X'[— 1] to Y* . 

(2) X* ~ Y' in J^ ,;, (/?-proj) if and only if there are two complexes U', V* G ^(tf-proj) such that X* © 
U* ~ © V* in ^(/^-proj), because ^(7?-proj) is a Frobenius category, ^(/?-proj)-proj = ^f c (/?-proj) 
and @ F (tf b (R-proi)) = Jf b (R-proj). 

In the following, we shall prove that the Waldhausen category ^coincides with the Waldhausen category 
(P defined by the Frobenius pair P := (^P, ^f c (7?-proj)), where T is a full subcategory of ^(T^-proj) defined 
by 

T := {X* G c € b {R-pm]) | X' is isomorphic in 9{R) to an object in Tria( R g')} 

and g* is the two-term complex — > R — > S — > with R in degree 0. 

In fact, by Remark l4~8l we see that fP is the same as the full subcategory of ^ fo (7?-proj) consisting of 
those complexes X' such that S<S>rX' is acyclic (or equivalently, S^X* = in @(S)). It is easy to see that 
the latter subcategory satisfies the conditions (i)-(iv). This gives rise to ^ C fp. 

Next, we show the converse inclusion (P C 

Let M be the full subcategory of J(f b {R-pxo]) consisting of all objects of Then, due to (i)-(vi), we 
see that 3% is a full triangulated subcategory of J^(/?-proj) containing £ and being closed under direct 
summands. Since ^f(P) C J^tf-proj), we know from (vi) that T C ^ if and only if ^f(P) C ^. To 
show @f(P) C it is enough to show that Sfc(P) is exactly the smallest full triangulated subcategory of 
Jt rb (R-proj) which contains £ and is closed under direct summands. 

Indeed, by the proof of Proposition 14.71 Qlp (P) is the full subcategory of J^ b (7?-proj ) in which the 
objects, regarded as objects in 3> C {R), belong to & := Tria( fi g*) n & C (R). As 8? = thick(flg*) by Remark 
14.81 ^f(P) is actually the full subcategory of J^ b (R-proj) in which the objects, regarded as objects in S> C (R), 
belong to thick( R g'). We claim that thick(g') = thick(E). 

Since X is a homological ring epimorphism, we know from fl4j Proposition 3.6] and Lemma 1241 that 
Tria(Z) = Tria(#g*) in &{R). Since both Tria(£) and Tria(#g*) are closed under small coproducts in &(R), 
they have the same subcategories of compact objects, that is, Tria(£) c = Tria(#g*) c C 3) C (R). Clearly, 
I C ® L \R) and R g* G ® C (R) since R S G ^ <00 (R) C Q C {R) by our assumption. By definition, thick(I) 
(respectively, thick(sg*)) is the smallest full triangulated subcategory of Q C {K) containing £ (respectively, 
g*) and being closed under direct summands. Then, by Lemma l2T2l (l). thick(Z) = Tria(Z) c and thick^g*) = 
Tria( R g*) c , and therefore thick(I) = thickfog*) Q @ C {R)- 

Thus ^f(P) is the full subcategory of J(f b (7?-proj ) consisting of all those objects which, viewed as 
objects of 3> C (R), belong to thick(I). Since Jff b (R-pm]) ~ & C (R) and I C ^(fl-proj), we conclude that 
£Ff(P) is equal to the smallest full triangulated subcategory of J^ b (R-proj) containing £ and being closed 
under direct summands. Consequently, fC^. 

Hence (P = ^ as full subcategories of < ^' fc (7?-proj). Furthermore, the category fP, regarded as a Wald- 
hausen category defined by the Frobenius pair P, has injective chain maps which are degreewise split as 
cofibrations, and has homotopy equivalences as weak equivalences. This implies that "P = as Waldhausen 
categories. 

Suppose that all maps in £ are injective. Let S be the exact category of (7?, E) -torsion modules. Then, it is 
shown in lfl5l Theorem 0.5] that K($Q ^> K(S) as ^-theory spaces. Since !P = %^ as Waldhausen categories, 
we obtain K(P) := K((P) —}K($). As X : R —> S is homological and rS has a finite-type resolution, it follows 
from the proof of Proposition I4.7l that 

K(R) ^ K{S) x K(!P) ^ K(S) x K{g). 
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This finishes the proof of Corollary 11.21 □ 

As a consequence of Proposition 14.71 we have the following result in 11271 Lemma 3.1]. 

Corollary 4.9. IfX : R — > S is an injective ring epimorphism such that rS is projective and finitely generated, 
then, for each «£N, 

K n (R) ~ K n (S) ®K n (End R (S/R)) . 

Proof. Under our assumption on X, we see that Ext' R (S/R,S/R) = for all i > 0. Then the corollary 
follows from the second part of Proposition 14.71 □ 

Remark 4.10. In Theorem 1 1.11 (2). we assume the existence of a recollement of derived module categories 
of rings. For some necessary and sufficient conditions that vouch for the existence of such a recollement, we 
refer the interested reader to the preprint |6j. 

5 Applications to homological exact pairs 

In this section, we shall apply our results in the previous sections to homological ring epimoiphisms afforded 
by exact pairs defined in 0. 

5.1 A supplement to algebraic ^-theory of recollements 

Let R be a ring. Recall that K(R) is a homotopy-associative pointed //-space with the multiplication map 
K(U) : K(R) x K(R) — > K(R), which is induced from the coproduct functor U : /?-proj x /?-proj — > /?-proj (see 
Subsection 13. lb . For any two maps /, g : K(R) — s> K(R), we denote by / • g : K(R) — > K(R) the composite of 
the following three maps: 

K(R) A K(R) x K(R) ^4 K{R) x K(R) K(R), 

where A is the diagonal map x i-> (x,x) for x G K(R). 

Observe that the shift functor [1] : ^ fo (/?-proj) — > ^ (/?-proj ) is also an exact functor of Waldhausen 
categories, and that the induced map ^T([l]) : K(R) — > K(R) is a homotopy inverse of K(R) in the sense that 
both ^([1]) IdxtR) and Id K i R \ -K{[\\) are pointed-homotopic to the constant map K(R) — > K(R) defined by 
x h-> e, where e is the associated point of K(R). For each n G N, since K„(A) : K n (R) — > K„(R) x K n (R) is 
still the diagonal map, the homomoiphism ^T n ([l]) : K n (R) — > K„(R) is exactly the minus map of the additive 
groups K n (R) (see also (23] Corollary 1.7.3]). 

Let S be another ring and N' a bounded complex of »S-/?-bimodules. If S N° G ^(S-proj), then the tensor 
functor N* <S>^ — : ^(/?-proj) — > c tf b (S-proj ) is an exact functor of Waldhausen categories. In case X : R — > S 
is a ring homomoiphism, we choose N' = sSr, where the right /^-module structure of S is induced from X, 
and denote by K(X) the map K(S® R -) : K(R) -> K(S). 

We first establish the following result on ^-theory of recollements. 

Lemma 5.1. Let /?, be a ring for 1 < i < 3, and let M* G 1£(R 2 ®zR° p ) and N' G ^(/? 3 ^zR^) such that 
r 2 M* G «*(fl 2 -Froj) and r 3 N* G ^(/? 3 -proj). Define 

F ■= M° (8j, - : «*(J?i-proj) — > «*(£ 2 -proj) W G := AT* <g>^ - : <«f 6 (/? 2 -proj) — > <«f 6 (/? 3 -proj). 

Suppose that there is a recollement of derived module categories: 

i* /i 

^(/? 3 ) >■ 0(fl 2 ) @{R\) 
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such that j\ = M* <S>\ — and i* = N' <g># 2 — . Then the sequence of K-theory spaces 

K(R,)'mK(R 2 ) K nK(R 3 ) 
is a weak homotopy fibration, and therefore there is a long exact sequence of K-groups: 

■ • ■ — > K n+ i(Rs) — > K n (Ri) K n {R 2 ) >■ K n (R$) — > K n _i(R\) - 



Kq(Ri) — > Kq(R 2 ) — > Kq(R^) 



for all n G N. 



Proof. Our proof will use some ideas from the proof of |[20l Theorem 9]. 

It follows from the given recollement and Lemma |2~31 that the following sequence 

@(r x )JU@(r 2 )-^ &(r 3 ) 

of derived module categories is exact (see Subsection 12.1b : 

(a) The functor j\ is fully faithful and induces an equivalence 3>(R\) — ^ Tria(« 2 M*). 

(b) The composition of j\ with i* is zero. 
( C )Ker(/*) = Im(j!) = Tria( R2 M'). 

id) The functor /* induces an equivalence <3> : @(R 2 )/K.er(i*) @(R?,). 

Let 3C be the full subcategory of Ker(/* ) consisting of all compact objects. Then, it follows from M* G 
@ C (R 2 ) and Lemma|22](l) that ,<% C 9 C {R 2 ). Now, we define X to be the full subcategory of ^(/? 2 -proj) 
consisting of the objects which are isomorphic in &>{R 2 ) to objects of 56 '. Note that ^(/?2-proj)-proj = 

(/?2-proj) by Example (b) in Subsection 13.31 Applying Lemma [331 to the Frobenius pair ^(T^-proj) to- 
gether with the equivalence J(f h (R 2 -pro'}) S> C {R 2 ), we see that X is a Frobenius subcategory of ^ (R 2 -pro')) 
containing all projective objects of "^(^-proj). Define X = (X ,^ c (R 2 -proj)) and Y = C^ b {R 2 -pm]),X). 
Then, by Lemma [33] (2), X and Y are Frobenius pairs with Jf-proj = ^*(/?2-proj)-proj, and we have a 
sequence of Frobenius pairs: 

F 7 



X<-^+ «*(fl 2 -proj) — Y 
where G\ is the identity functor, such that the following diagram of triangulated categories are commutative: 

9 F (X) ^ ^(^(^2-proj)) 9f(Y) 



36^ ® C (R 2 ) @ c (R 2 )/3£ 

Since 36 is closed under direct summands in S) C (R), the bottom sequence in the above diagram is an exact 
sequence of triangulated categories. By Lemma l3T2l (l) and the definition of i^-theory spaces of Frobenius 
pairs, we deduce that the following sequence of ^-theory spaces 

K(X)^lK(R 2 )^lK(n 

is a homotopy fibration, where y is the Waldhausen category defined by the Frobenius pair Y, that is, y 
has the same objects, morphisms and cofibrations as *;f fo (/? 2 -proj), but the weak equivalences in y are those 
chain maps such that their mapping cones lie in X. 
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Observe that F(«*(fli-proj)) C X and that G(U) G <^ c (F 3 -proj) for U € X since ^JV* G ^ fo (7? 3 -proj) 
and G(t/) = i*(t/) = in @(R?). Consequently, F and G induce two canonical maps of Frobenius pairs 

F\ : ^(fli-proj) — > X and G2 : Y — ► «*(fl 3 -prqj) 

such that i 7 = F2F1 and G = G 2 G\, respectively. This can be illustrated by the following diagram of Frobenius 
pairs: 



«*(fli-proj 




«*(J? 2 -proj) 



^(/? 3 -proj) 




X" Y 
Next, we point out that the map K(Fi) : K(Ri) — > is a homotopy equivalence. Actually, by Lemma 
(2), it suffices to prove that the functor &f{F\) '■ ^(^(^l-proj)) — >• ^f(JC) is a triangle equivalence. 
This follows from the following commutative diagram: 

^(^(/?i-proj))^^(X) 



^ c (Fi) J — 

where the equivalence of the second row is due to (a) and (c). 
Consequently, the following sequence of ^-theory spaces 



is a homotopy fibration. So, to prove that the sequence of ^-theory spaces 

K(G) 



K{R 3 ) 



is a weak homotopy fibration, it is enough to show that the map K{G%) '■ K(y) K(R$) gives rise to an 
injection Kq(G 2 ) '■ ^o(90 — > ^0(^3) an d an isomorphism K n (G2) '■ K n (y) — ^> K n (Rj) for each n > 0. 

In fact, by Lemma [3721 (3). we only need to check that 3> F {G 2 ) : ^f(Y) -> ^ F (^(/? 3 -proj)) is an 
equivalence up to factors (see Subsection 12.11 for definition). For this aim, let <3f be the full subcategory 
of £F(/?2)/Ker(/*) consisting of all compact objects. Consider the following canonical exact sequence of 
triangulated categories: 

(t) Ker(i*)< »■ £>(R 2 ) @(R 2 )/Ker(i*). 

Since $>{R 2 ) and Tria(M*) are triangulated categories with small coproducts and since r 2 M* G & c {R 2 ), we 
know from Lemma I2T21 that (f ) induces a sequence of the subcategories of compact objects: 



3£<- 



® C {R 2 ) 



such that X is closed under direct summands in & C (R 2 ) and that the induced functor Hi : S) C {R 2 ) 1 3C — > 
is an equivalence up to factors. Moreover, the equivalence <I> in (d) induces a triangle equivalence <J> C : <3/ — ^> 
3> c {Rl). Define H 2 : Q} c (R 2 )j X -> Qi c {Ri) to be the composite of H\ with <I> C . Then H 2 is an equivalence 
up to factors. Since the following diagram 



0f(Y) 



^(^(/? 3 -proj)) 



® C {R 2 )I% 



H 2 



r(R 3 



is commutative, we see that S^f{G 2 ) is an equivalence up to factors. This finishes the proof of Lemma l5.ll □ 
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5.2 Long Mayer- Vietoris sequences: Proof of Theorem [131 



In this section, we shall show Theorem [13] Here, we follow the notation introduced in 0. 

Throughout this section, we suppose that X: P — » S and /u : R — > T are ring homomorphisms such that the 
pair (X,/li) is exact, that is, the sequence 



R 



■S®T 



-v, 



of P-P-bimodules is exact, where 

X' 



for t € T and sG5 (see @ for more information). 

Let S Ur T be the coproduct of the rings S and P over 7?, and let p : S —> S Ur T and §:T — > SUrT be. the 
defining ring homomorphisms of the coproduct. Then we have the following commutative diagram: 




where h is defined by s<E>t i-> (tf)p(?)(|> for t € P and Note that the square in this diagram is both a 

push-out and a pull-back. This implies that the mapping cone Q* of X is quasi-isomorphic to the mapping 
cone <2* ®r T of X' as complexes. 

Given such a diagram, there is a ring homomorphism 8 : B — > C defined in Q : 



6:= 



p h 
<]> 



B 



Furthermore, we define e 



l - z 



1 




cp : Be\ 



Be 2 



T 












!) 


s 












c 



G 5 and 



SU R T SUrT 
SUrT SUrT 



s®1 




for s £ S. 



Let P* be the complex — > Pei — >■ 5^2 — >• with Pei and 5^2 in degrees —1 and 0, respectively. Then 
P* € ®zR° P ) and gP* € ^(P-proj), where Be\ and 5^2 are regarded as right P-modules via X and /u, 



respectively. Let P** := Homg(P , ,S) 6 c £ b (R®j 1 B ), which is isomorphic to the complex 
eiP — )• with e 2 P and ^P in degrees and 1, respectively. 



e 2 P 



In case both X and (j) are homological ring epimorphisms, we say that the exact pair (X, /u) is homological, 
or that the square denned by X,/li,§ and p is a homological Milnor square. For a homological Milnor square, 
the following result has been shown in (3] Theorem 1.1 and Corollary 3.11]. 
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Lemma 5.2. Suppose that X is a homological ring epimorphism and Torf (T,S) = Ofor all i > 0. Then there 
is the following 'pull-back' of recollements of triangulated categories: 




9(C) 



9(su r t) -^H-^(r) 




Triage*) 




Tria( T T® R Q') 

where X : B — V S = B / \Be2B) is the canonical surjection, fj is the canonical embedding for i = 1,2, and 

j\ = bP* ®r - and y = Hom B (P',-) ~ P'* ® B -. 



Proof of Theorem 11.31 

(1) By Lemma 15721 there is a recollement of derived module categories: 



(a) 9(C) 



9(B) — ^ 9(R) 



where i* := C ®\ -. Obviously, P m € <€(B ® % R op ), B P m e ^(fi-proj), C C B G <<f(C <g> z fi° P ) and C C G 
^(C-proj). By (a) and Lemma l5Tl the following two functors: 

P' ®' R - : «*(£-proj) — ► ^(5-proj) and C® B ~ : ^(5-proj) — ► «*(C-proj) 

induces a weak homotopy fibration of ^-theory spaces: 

(*) *(*) ^^JTffl '^-^(C). 

Since B is a triangular matrix ring, we see that the ^-theory space K(B) of B is homotopy equivalent to 
K(S) x K(T). Thus we get Theorem [13] (1) without an explicit description of the maps in the sequence. 

In the following, we shall work out the maps in details. 

Since C is Morita equivalent to SUr T, the map K(e2C ®c —) '■ K(C) — > K(SUr T) induced from the 
exact functor e2C<S>c '■ C-proj — > (SUr T)-proj is a homotopy equivalence by Lemma I3T21 (2). Thus we obtain 
a weak homotopy fibration of i^-theory spaces: 

(c) K(R) ^K(B) ^K(SU R T). 

Clearly, e^B ~ T ~ e2Be2, Be2B ~ Be2 and S ~ B/(Be2B) =Be\. From the triangular structure of B, we see 
that the following two maps 

(d) K(B) ^K(S)xK(T) ? K(B) . 
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are mutually inverse homotopy equivalences. 

Now, by (c) and (d), we obtain a weak homotopy fibration of i^-theory spaces: 



K(R) — *-U- K{S) x K{T) i K(SU R T). 

It is trivial to check the following natural isomorphisms of functors (see the diagram in Lemma [5721) : 

{e 2 C® B -){ B S® s -) -=* {e 2 C® B S) <8> s - {SU R T) ® s - ■ S-proj — > (5U«r)-proj, 
(e 2 C®B-)(Be 2 «)r-) -=» (e 2 C® B Be 2 ) ® T - -=» {SU R T)® T -: T-proj — ► (SU R 7>prqj, 
(e 2 -)(P* ®5 -)) {e 2 P m ) ®' R - -=> T ® R - : fl-proj — > T-proj, 
-)(/" ®« -)) -A- (5® B P') ®^ - -=* (P'/{Be 2 B)P') ®' R -^ {S® R -)[1] : Sf*(tf-proj) — ► ^(S-proj). 
Consequently, we have the following homotopic maps 

K(P'® R -)a=(K(P'® R -)K(S® B -),K(P'® R -)K(e 2 -)) ^ (K((S® R -)[1]),K(T® R -)) =: (-K(k),K(fi)) 
and 

RKY _} = (K(tf®s-)K(e2P®B-)\~(K((SU R T)<8>s-)\ (K(p) 

P ^Bfla , ^(S^^r-^^C^-)^ \K((SU R T)® T -)J ' \k($) 

Hence, the sequence of ^-theory spaces: 

(e) K(R) Lk(S)xK(T) V J , K(SU R T) 

is a weak homotopy fibration, which yields the long exact sequence of ^-groups in Theorem l 1.31 (1). 

(2) To prove Theorem O (2), we first show that B C G & <e °(B) if and only if R S G 0> <O °(R). 

In fact, by Lemma 12731 (c). the functor D(A,*) preserves compact objects if and only if so is j\ That 
is, B C G ^ <00 (B) if and only if /(B) ~ P** G & C {R). Note that Q* ® R T ~ Q* in ^(P) and that R P** is 
isomorphic in <i£(R) to the direct sum of S[-l] and (Q m (g> R T)[-i\. Thus R P** ~ (S© in @(R). 

Since g* is the two-term complex -s> P — > S -)• 0, we infer that f* G ^ C (P) if and only if ff S G @ C (R), 
and therefore B C G ^ <00 (B) if and only if R S G ^ <00 (P). 

Next, we show that if R S G 5 2l< °°(/?), then the sequence (e) splits up to homotopy equivalence. 

Let X := Tria(fiP*) n & C (B), and let be the full subcategory of 'io (B-proj) consisting of those objects 
such that they belong to 3£ when viewed as objects of 3>(B). Then X = (jf,^f c (fi-proj)) is a Frobenius pair, 
and in this way we consider X as a Waldhausen category. Since gP* G ^(5-proj), we see from Lemma |2~21 
(1) that X is equal to the full subcategory of Ker(/*) consisting of all compact objects. 

Let Li : <tf b (R -proj) — > X be the functor induced by P' ® R — and L 2 : X — >■ ^(B-proj) the inclusion. 
Then both Li and L2 are maps of Frobenius pairs, and therefore we have a sequence of Frobeniues pairs: 

fc*(C-proj) * C8a ~ ^(fl-proj) ^ 

Now, by the proof of Lemma I5TT1 the sequence (b) can be decomposed into the following form: 

K(R) , Jf (H) ^ , Z(C) 

^(L0 K(L 2 ) 

such that A"(Li) is a homotopy equivalence. 
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Since R S 6 ^ <00 {R), we get B C G ^"(B). Further, the recollement (a) implies that 6 : B ->• C is a 
homological ring epimorphism. Thus it follows from the proof of Proposition [4/7] that the following sequence 
of ^-theory spaces: 

K(X) > £(5) ^ K(C) 

is a homotopy fibration and that K{L2) is a homotopy-split injection. Therefore the above sequence of K- 
theory spaces splits up to homotopy equivalence. As K{L\) is a homotopy equivalence, we further deduce 
that the map K{P* ®r — ) : K(R) — > K(B) is a homotopy-split injection. Thus the sequence (b) (and also each 
of the sequences (c),(d) and (e)) splits up to homotopy equivalence. Hence 

(*) K(R)xK(SU R T) -^+K(S)xK(T). 

Finally, we shall show that (*) also holds if T R G ^ <00 (R op ). By Theorem O it suffices to prove that 
T R G ^> <00 (/?°p) if and only if C B G ^ <00 (S p). 

Indeed, by (a) and Lemma [2~4l we certainly have Tria(#P*) = Ker(f) = Im(j'i) = Tria^W), where 
bP' G ^ fo (B-proj) and W* denotes the mapping cone of 6. Then one can follow the proof of Lemma [231 to 
show that the recollement (a) has a dual form: 



where 

7!:=-®r^** and / := Hom*„p(P**, -) ~ - ® B PV 
By Lemma[23](c), we infer that P' G S> C (R° P ) if and only if C B G ^ <c °(B op ). Note that P^ is isomorphic 

in ^(/? op ) to the direct sum of T and the mapping cone Cone(/f ') : — > S S®rT — > of p'. However, 
since (k,p) is an exact pair, it is easy to see that Cone^') is actually quasi-isomorphic to the mapping cone 
Cone^u) : -> R -A T ->■ of the chain map i u. This gives rise to P* ~ r©Cone(//) in S>{R op ), which implies 
that T R G ^ <00 (P 0P ) if and only if P* G ^ c (P op ). Thus T R G ^ <00 (P op ) if and only if C B G ^ <00 (B op ). □ 

As a consequence of Theorem |1.3l (l), we reobtain the following result of Karoubi |[25l Chapter V, Propo- 
sition 7.5 (2)]. 

Corollary 5.3. Let A and B be arbitrary rings, and let f :A — > B be a ring homomorphism and a central 
multiplicatively closed set of nonzerodivisors in A such that the image of <£> under f is a central set of 
nonzerodivisors in B. Assume that f induces a ring isomorphism A/sA ^> B/sB for each j£<3). Then there 
is a Mayer-Vietoris sequence 

y K n+ i (<& _1 .B) — > K n (A) — > K n (Q~ l A) © K n (B) — > ^T„($ _1 B) — > K n _\ (A) — ► 

>K M^K (<t>- 1 A)®Ko(B)—>Ko(<it>- 1 B) 

for all n G N, where <£> ^A stands for the localization of A at <J>. 

Proof. Define R := A, S := <J> _1 A, T := B and p := /. Let X : R -)• S be the canonical map of the 
localization. By (4l Lemma 6.2], we have SUrT = <3> _1 B, which is defined by the canonical maps p : 
<S> _1 A — > <I> 'fi and (j) : B —t <J> _1 B. Since <I> and (^>)f do not contain zerodivisors, both X and $ are injective. 
As the modules a'&~ 1 A and are flat, both X and (|) are homological ring epimorphisms. 

Now, we claim that (k,p) is an exact pair. To show this, we first prove that the following well-defined 
map 

h:<$>- l A® A B — ><& l B, a/s®b^((af)b)/(sf) 
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for a G A, s G <I> and ft £ B, is an isomorphism of <I> ^A-B-bimodules. In fact, since <I> 'A = hms^A, where 

.ve<l> 

s~ l A := {a/s \ a G A} C <I> ! A, we have 

4> _1 A(g)Afl = (ljmj^A) <g> Aj B -^>lim(j- 1 A(8) Aj B) -=> Un£(s/) _1 fl = '5. 

jG<J> i€<I> i£<3> 

Next, we show that the cokernels of X and ((> are isomorphic as A-modules. Actually, 

&~ l A/A = (l\ms- l A)/A lim^A/A) Um(A/jA). 

.seo sei seo 

Similarly, <5 X B/B — ^> lw^(B/sB). Since A/sA -^B/sB for each iE$, the map / induces an isomorphism 

of A-modules: <&- { A/A -=» <£ l B/B, that is, Coker(X) ~ Coker(^)). 

Finally, we point out that the map l':8-> <J> 1 A (g> A B, defined by ft i-> 1 <8> ft for ft G 6, is injective and 
that Coker(X) ^> Coker(V). This is due to the equality (j) = X'h. 

Thus 

— >A <$>- l A® B { -^U<t>- l A® A B — >0 

is an exact sequence of A-modules, where /u' : <I> J A — > <E> _1 A ®a5 is defined by x i-> x <g> 1 for x G <I> _1 A. By 
definition, the pair (X,//) is exact. 

Since <I> consists of central, nonzerodivisor elements in A, the A-module ^<I> _1 A is flat. Thus Torf (5,<I> ! A) 
= for all i > 0. Hence all conditions in Theorem [T3] are satisfied. Now, Corollary 15 . 3 I f ollows from Theorem 
0(1) immediately. □ 

Proof of Corollary [Ll 

(1) Let S := R/h, T := R/h, and let X : R — > S and /n : R — > T be the canonical surjections. Then, it 
follows from the proof of E Corollary 1.2 (1)] that, under the assumptions of Corollary 11.41 (1). the pair 
(k,fi) is exact, the surjective ring homomorphism X is homological with Torf (T, S) = for all i > 0, and 
SUrT = R/ (I i +h)- Now, (1) is an immediate consequence of Theorem ll.3l (2). 

(2) Let T := R x M, and let /n : R — > T be the canonical inclusion from R into 7\ Assume that X is 
a homological ring epimorphism. Then, it follows from the proof of J3j Corollary 1.2 (2)] that (X,fi) is an 
exact pair with Torf (T, S) = for all i > 0, and that S x M, together with p : 5 <^ S K M and § : R x M -> 5 x M 
induced from X, is the coproduct SUr T of the rings 5 and T over Now, by Theorem ll.3l (l). we have a 
long exact sequence of ^-groups: 

► *T„+i(5 x M) — >• 1 K n (S)QK n (R x M) — > *T„(5 x M) — > K n ^(R) 

— > > K (R) — > Kq(S) ®Kq(R kM)^ ^ (5 x M) 

for all ?i G N. 

Let 71 : R x M — > R be the canonical surjection. Then ^71 = Mr. This implies that the composite of 
K{fi) : K(R) — > K(R x M) with Z(jc) : x M) — ► K(R) 
is homotopic to the identity of K(R), and therefore K n ()j)K n (%) = Id K i R \ for all « > 0. It follows that the 

U„ ™™ ( K, 

.(♦) 



map ( — ^(X), K n (n)^ is a split injection for n > 0. Therefore, for « > 0, the map f j is surjective, the 



sequence 



K„ (R) 1 K„ (S) K„ (R x M ) — K n (S x M) 
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is split exact and K n (R)®K n (S x M) ~ AT„(5) ffi£„(P x Af). 

To check the isomorphism for the case n = 0, we use the following known result: If A is a ring and 7 is a 
nilpotent ideal of A, then the canonical surjection A — > A/I induces an isomorphism Kq(A) — > Kq{A/I). This 
implies that 

Kq{R x Af) ^> K q (R) and K (S kM)A *T (5). 

Consequently, both K (fj) : # (P) — >■ #o(P x Af) and £o(p) : Kq(S) — > K Q (S x Af) are isomorphisms. Hence 
^o(tf) ®K (S x Af) ~ A" (5) ffi^ (fi x Af). This completes the proof of Corollary O □ 

6 An example 

In the following, we give an example to illustrate the key point, Proposition 14.71 in our proof of the main 
result, Theorem ll.il 

Example 1. Let k be a field, and let R be a ^-algebra with the 2x2 matrix ring M2(k) over k as its vector 
space, and with the multiplication in R given by 

fa b\fa' b'\_( ad ab' + bd'\ 
\c d)\d d'J ~\cd + dc' dd' ) 

for a, a' ,b,b' ,c,c' ,d,d' 6 k. Note that R can be depicted as the following quiver algebra with relations 

a 

(tl) 1«" *"«2, ap = pa = 0. 

p 

Let e\ be the idempotent element of 7? corresponding to the vertex i for i = 1,2. We consider the universal 
localization X : R — > S of P at the homomorphism cp : P^2 — > Re\ induced by a. This means that, to work out 
the new algebra S, we need to add a new arrow a -1 : 2 — > 1 and two new relations aa _1 = e\ and a _1 a = £2 
to the quiver (Jj). Thus we have P = ^P = a^ocp = in S since ap = 0. In other words, S can be expressed 
as the following quiver algebra with relations: 

a 

1» «2 , aa _1 =<?i and or'oc = <? 2 , 

a- 1 

which is isomorphic to the usual matrix ring M 2 (k) over k. Moreover, the ring homomorphism X: R—> S can 
be given explicitly by 

e\ i-)- e\, e% i-> e% : a i-y a, P h-> 0. 

It is easy to see that 5^2 ~ Sei ~ Re\ and 5 ~ S^i @Se 2 — Re\ ®Re\ as P-modules. In particular, rS is a 
finitely generated projective P-module and X is a homological ring epimorphism with rS G <^ <00 (P). 
Now, we define 

Q' :=0 — > Re 2 Re! — > and P' := — > R S — ► 

where Re 2 and P are of degree 0. Clearly, Q* G ^ fo (P-proj) and P*[l] is the mapping cone of \. Since 
Se 2 ~ 5ei ~ Pei as P-modules, we infer that g* ~ P* in tf(R) and Tria(£2*) = Tria( fi P*) C @(R). Thus all 
the assumptions of Proposition I4.7l are satisfied. It follows from Proposition 14.71 that 

K(R) —> K(S) x K(T) 
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as iT-theory spaces, where T := End^(<2*) is the dg endomorphism algebra of Q' (see Subsection 12. II for 
definition). 

It is easy to check that the dg algebra T := (T')i e z is given by the following data: 
T~ l = k, T Q = k®k, T l =k,T i = 0ior i ^ -1,0,1, 

with the differential: 

o — > r- 1 A t° ^ r 1 — >o 

and the multiplication o : T x T — > T (see Subsection l2.ll ): 

r'or 1 = r 1 or'=o = r 1 or 1 =r 1 or 1 , 

(a,b)o(c,d) = (ac,bd), fo(a,b) = fa, (a,b)of = bf, go(a,b) = gb, (a,b)og = ag, 

where (a,b),(c,d) G T°, / G andgGT 1 . 

Since H (T) = 0, we see that the dg algebra T is quasi-isomorphic to the following dg algebra x-°(T) 
over k: 

O^T- 1 AKer(J°) ^0 
where d° = : T° — > T 1 . Clearly, the latter algebra is isomorphic to the dg algebra 

A:=0 — >k-^k — >0 

where the first k is of degree —1 and has a &-&-bimodule structure via multiplication. Thus the algebra 
structure of A (by forgetting its differential) is precisely the trivial extension k x k of k by the bimodule k. 
Now, by Lemma [3^81 we know that 

K(T) K(t-°(T)) ^K(A) 

as A'-theory spaces. Thus K(R) K(S) x K(A). In particular, 

K n (R) ~ K„ (S) K„ (A) for all n G N. 

It is worth noting that we cannot replace the dg algebra A in the above isomorphism by the trivial extension 
k x k since the algebraic ^-theory of dg algebras is different from that of usual rings. In fact, in this example, 
Ki(R) =K x {k) ®K x (k) = k x ®k x , K^S) = k x and K^A) = k x , but ^(Jfc x k) = k®k x . So K X (R) j± 
K\ (S) QK\(k x k). For information on K n (k) with k a finite field, we refer the reader to lfl9l . 
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